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Abstract. In this article, we prove an explicit Waldspurger formula for the toric Hilbert modular forms. As 
an application, we construct a class of anticyclotomic p-adic Rankin-Selberg L-functions for Hilbert modular 
, forms, generalizing the construction of Bertolini, Darmon, and Prasanna in the elliptic case. Moreover, building 

on works of Hida, we give a necessary and sufficient condition when the Iwasawa /^-invariant of this p-adic L- 
' function vanishes and prove a result on the non-vanishing modulo p of central Rankin-Selberg L-values with 

_ anticyclotomic twists. 
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The purpose of this article is to (i) construct a class of anticyclotomic Rankin-Selberg p-adic L-functions 
and study the vanishing/non- vanishing of the associated Iwasawa /i-invariant, (ii) prove a result on the non- 
vanishing modulo p of central Rakin-Selberg L-values with anticyclotomic twists. Let F be a totally real 
algebraic number field of degree d over Q and L' be a totally imaginary quadratic extension of F. Denote by 
z I— > z the nontrivial element in Ga\{E/F). Let tt be an irreducible cuspidal automorphic representation of 
GL2(Ai?) with unitary central character w. Let tte be a lifting of tt to L' constructed in fJac721 Thm. 20.6]. 
■ Then tte is an irreducible automorphic representation of GL2(A£;), which is cuspidal if tt is not obtained from 
. the automorphic induction from E/F. Let A : A^/E^ — > C^ be a unitary Hecke character of such that 

^' (0.1) Mai=^-'- 



The automorphic representation tt^; (K) A is therefore conjugate self-dual, i.e. tt^ (Ki A~^ = ttb ® A. For each 
place V of F, we can associate a local L-function L{s,tte^ €5 Xy) and a local epsilon factor e{s,TrE^ ^ Xv,il>y) 
(which depends on a choice of non-trivial character ip^ : F^ ^ C^) to the local constituent tt^;^ (g) A^ of tt^ <8) A 
f |JL70[ Thm. 2.18 (iv)]). Let L(s, tte <E) A) be the global L-function obtained by the meromorphic continuation 
of the Euler product of local L-functions at all finite places. In this paper, we study the p-adic variation of 
the central value L(i, tte fX" A) with anticyclotomic twists under certain hypotheses. 

To introduce our hypotheses precisely, we need some notation. Fix a CM-type S of E. Namely, is a 
subset of llom{E, C) such that 

UlJs = llom{E,C); 0X^ = 0. 
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Then S induces an identification E(E}q'R. ~ . We shall identify S with the set of archimedean places of F via 
the restriction. For each k = J2aes ^'^'^ ^ ^I^]; write Ts{k) = Ilcrei; r(fccr), and if a; = [xa) £ (A^)^ for 
an algebra A, we let x*^ ■— Yiaes ^a-" ■ A Hecke character x of i? is of infinity type (fci, ^2) for /ci, ^2 G 2^^Z[E] 
such that fci — fc2 G Z[Z'] if 

Xoo(z) = 2'^^-'=^^^)''' for all 2 e (^®qR)'< ~ (C^)^. 

For each ideal a of F (resp. ideal 2t of i?), we have a unique factorization a = a+a^ (resp. 2t = 2l+2t^), where 
(resp. Sl'^) is only divisible by primes split in E and o~ (resp. 2l~) is divisible by primes inert or ramified 
in E. Let n = n+n^ be the conductor of tt. We define the normalized local root number attached to tte^ and 
At, for each place v by 

e*{7TE^,Xv) := e(i, tte,, <E) Xv, V'f) ■ t^t,(-l). 

We remark that the value e{^,TTE^ ^ Xy,ipy) does not depend on the choice of ipv 

We assume that tt has infinity type k = ^^k^rCr G Z^ol-^] and A has infinity type (|,— |). In other 
words, TTa- is a discrete series or limit of discrete series of weight k^ with unitary central character at every 
archimedean place a. In particular, this implies {ka}^^jj have the same parity and the local root number 
£*(j^E^,Xy) = +1 at every archimedean place. We further assume the following local root number hypothesis 
for (tt, A): 

Hypothesis A. The local root number e*{TTE^, Ay) = +1 for each v \ . 

Let p be an odd rational prime. Fix an embedding ioo : Q ^ C and isomorphism l : C ^ Cp once and for 
all. Each ^ e Z[Z'|JZ'] will be regarded as an algebraic character : {E (E) Qp)^ — > Cp via t. Throughout 
this article, we make the following assumption 

(ord) S is p-ordinary. 

Let Up be the set of p-adic places of E induced by S. Then the ordinary assumption (jord|) means that Ep 
and its complex conjugation Up gives a full partition of the set of p-adic places of E. Let E^^, be the maximal 

anticyclotomic zjT'*"^' -extension of E. Let F^ = Gal(i?~oo/£') and let A — Zp|r^]] be the Iwasawa algebra 
of [F : Q]-variables. If L is a number field, we write Gl — Gal(Q/i) for the absolute Galois group. Denote 
by rec^; : — )• G|? the geometrically normalized reciprocity law. To each locally algebraic p-adic character 
(j) : F^ Cp of weight {m,—m), we can associate a Hecke character </> : A^/E^ — >■ C^ of infinity type 
(m, — m) defined dy 

0(a) r'^ {4){TecEia))ap"'a'^)aZa^ , 

where Op S {E (8)q Qp)^ and Ooo G {E ®q R)^ are the p-component and 00-component of a. We say 4> 
is the p-adic avatar of cf). Denote by X"'' the set of critical specializations, consisting of locally algebraic 
p-adic characters on F^ of weight (to, —to) with to S Z>o[-£'] (See t)5.4p . 

Our first result is the construction of the anticyclotomic primitive p-adic L-function attached to tte <8) A. 
We need more notation. Let "Dp be the different of F and Ve/f be the relative different of E/F. Let 91 be 
the prime-to-p conductor of tte ® A. We have a unique decomposition = DT'^DT;^ and fix a decomposition 
*Tt^ — 5'5 with (5, 5) = 1 such that *Tt^ is only divisible by prime inert or ramified in E/F and ^ is only 
divisible by primes split in E/F (Such a decomposition is possible because tte ®X\s conjugate self-dual). We 
choose S £ E such that 

• d = -S, 

• Im cr{6) > for all a € E, 

• The polarization ideal c{Oe) ■= Vp^ (257) e / f) is prime to pDl^Tl. 

Let (iloo, ^p) be the complex and p-adic periods attached to {E, E) defined in |HT931 (4.4a), (4.4b)]. For each 
Hecke character x of E'^ i we define the p-adic multiplier Esp{TT,x) by 

(0.2) Es^{Tr,x)-^ n <^.'rp®X^>p)i^(^,^p®X^)"V'%'(^2,5). 

The shape of Ex:^{tt, x) has been suggested by Coates |Coa91| . 
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Theorem A. In addition to (jord[) and Hypothesis [Zl we further assume that 
(sf) is square-free. 

Then there exists an element 'p2:(7r, A) €E A such that for every (j) € X™* of weight (m, —m), we have 

^2(fe+2m) - ^'-^E ■ ■ (IniJ)fe+2m(47r)fe+2m+l-i; ' ^^M^^^) ^2(fe+2m) <PW J<-^ l^: '^J > 

where VIe = {2iTi)^^Q,oo and C{t:, A) £ Z^^j is an explicit p-adic unit independent of (j), consisting of a product 
of local epsilon factors outside p. 

In the above expression, IvuS = {lTiia{5))„!^s and 47r is considered to be the diagonal element (47r)CTei; in 

In virtue of the above specialization formula, Vsi^^, A) is the p-adic L-function that interpolates the square 
root of central i-values. We shall call £^(7r. A) := 7'x'(7r, A)^ the anticyclotomic p-adic L-function for tt^ (g) A 
with respect to the p-ordinary CM type S. When F = Q, tt is unramified at p and is only divisible by 
primes ramified in i?, Csi"^, A) is constructed in [BDPJ, and a non-primitive version of this p-adic i-function 
is also considered in |Bralla| under different hypotheses. We remark that when tt is obtained from the 
automorphic induction of a Hecke character of i?^, one can show that, up to an explicit unit in A, Cx:{t^, A) 
is a product of two p-adic Hecke L-functions for CM fields constructed by Katz |Kat78| and Hida-Tilouine 
|HT93| by comparing the interpolation formulas on both sides. 

Our second theorem is to prove the vanishing of the Iwasawa /i- invariant ^ of 'Pi;(7r, A) under certain 
hypothesis. This in particular implies that the p-adic i-function Cs{t^,^) is non-trivial. Recall that the 
//-invariant x s '^^ defined by 

lJ'n,\,s ^ inf e Q>o I P'^'Vuin, A) ^ (mod mpA)} , 

where trip is the maximal ideal of Zp. Let Ca be the conductor of A. For each w | c^, let A^^t, be the finite 
group A(O^J. 

Theorem B. With the assumptions in Theorem\^ suppose further that 

(1) p is unramified in F, 

(2) the residual Galois representation 

'Pp{'KE) '■— Pp{'^)\ge {mod nip) is absolutely irreducible, 

(3) PtnHc-tt(^A..). 

Then fi-^^^^ = 0. 

The global assumption on the irreducibility of residual Galois representation assures that the new form 
associated to tt is not congruent to theta series from E or Eisenstein series, and the local assumption (3) is 
equivalent to saying that the local residual character (mod nip) is ramified for all v\c^. In this situation, 
our Theorem [B] roughly suggests that the /i-invariant is essentially contributed by the congruences among 
primitive but residually non-primitive p-adic i-functions. In particular, suppose that (xx^Ve/f) — 1 and 
/9p(7r) is residually irreducible. Then we always have /i^^ = whenever A has split conductor over F (i.e. 

= (1)). In addition. Theorem IB] shares the same flavor with Vatsal's /i-invariant formula. In [Vat03] , Vatsal 
obatins the precise /i-invariant formula of a different class of anticyclotomic p-adic Rankin-Selberg i-functions 
associated to elliptic new forms of weight two twisted by finite order anticyclotomic characters of p-power 
conductors (so the local root number at the archimedean place is —1). In virtue of his formula, the /i-invariant 
can be positive when we have either Eisenstein congruence or the congruence between forms with opposite 
signs in the functional equations. Note that the latter congruence does not happen under the assumption (3). 

The p-adic i-function CsIt^, A) is expected to encode the arithmetic information on certain Selmer groups 
through the main conjecture a la R. Greenberg |.Gre94j . To introduce the A-adic Selmer groups connected 
with £s{tt,X), we recall that thanks to the works of Deligne, Carayol, Blasius-Rogawski and Taylor et.al 
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( |BR93| , |Tay89| , |Jar97| ) , there exists a finite extension L^^ of Qp and a continuous p-adic Galois representation 
Pp(tt) '■ Gp — ^ G\j2{Ol^) sucli tliat Ppiir) is unramified outside pn, and for each finite place v \ pn, 

1 — k 

L~'^ {L{s, pp{Tr)\wF^)) = L{s H tt^^t^X) {^mx = m&yika), 

where Wp^ is the Weil group of Fy. Let ea ■ Ge — > F ^ A^, g i— > g]^- be the universal A-adic Galois 
character. We consider the rank two A-adic Galois representation: 

PA Pp{.'^)\ge ® : Ge GL2(A). 
and define the local condition for each w \ p by 



FwPa 



PA if w e Up, 

{0} ifweTp. 



The triple {pA,{F^PA}^^\p,^p"*') satisfies the Panchishkin condition in |Gre941 §4, p. 217]. Let A* be the 
Pontryagin dual of A. The associated Greenberg's Selmer group is defined by 

Sels{TT,X):=kci-lH\E,pA^AA*)^ H H\I^,pa^aA* 

where w runs over places of E outside Up and 1^ is the inertia group of w; in G^;. It is known that the 
Pontryagin dual Selx;{TT, A)* is a finitely generated A-module. Denote by chaiASels{T^, A)* the characteristic 
ideal of Selx;{TT, A)*. We formulate the anticyclotomic main conjecture for tte <E) X (under the hypotheses in 
Theorem El . 

Conjecture. We have the following equality between ideals in A 

charAS'e?2;(7r, A)* {Cs{tt,X))- 

Let £ ^ p he a, rational prime. We next consider the problem of the non-vanishing modulo p of L-values 
twisted by characters of £-power conductor. This problem has been studied extensively in the literature in 
various settings (c/. |Was78| . |Vat03| . |Hid04a| . |Fin06| . |Hsil2b| ) and has many arithmetic applications in 
Iwasawa theory. To state our result along this direction, we introduce some notation. Let [ be a prime of F 
above £ and let E^ be the anticyclotomic pro-^ extension in the ray class field over E of conductor Let 
:— Ga\{E^ / E) and let be the set consisting of finite order characters </> : Fj" — > pi=^. Let x be a Hecke 
character of infinity type + m,—^ — m) and of conductor i^. We obtain the following theorem. 

Theorem C. With the same assumptions in Theorem\^ we assume that 

(1) {p\,nc^VE,F) = 1, 

(2) {n^T) E / f) — ^ /3p(7r) is residually irreducible, 

r5;ptn.|c,-tt(Ax,.)- 

Then for almost all characters i/i G X", we have 

[Ol : O^^f ■ "^^hZff ^ [mod m,). 

Here almost all means "except for finitely many (p G " i/dimq^ Ft — 1 and "for <j) in a Zariski dense subset 
ofX° " i/dimq, Fi > 1 ( |Hid04al p.737]). 

In our forthcoming work |HN| , we will apply Theorem [C] to study the non- vanishing (modulo p) of certain 
theta hfts constructed in |MS07| and |MN12| . 

The proof of Theorem |X] is based on an explicit Waldspurger formula, which connects toric period integrals 
of automorphic forms in tt and central values of tt^ A |Wal85| . To obtain the optimal p-integrality of cental 
L-values, we will consider holomorphic toric cusp forms and calculate explicitly their period integrals. To be 
precise, let x be a Hecke character of E^ such that xl ax = and let T C be the subgroup consisting of 
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ideles z = (z^) e Ht, "^i^h z^/z^ G for all primes v split in iJ. Fixing an embedding i : ^ GL2(i^), 
we say an automorphic form (p : GL2(F)\ GL2(Ai?) — >■ C in tt is a toric form of character x if 

fig^it)) = x'HtMg) for all t e T. 

In other words, ip belongs to the space Hom7-(C, tt (g) x). 
The construction of Vsi^^, A) is outlined as follows. 

(1) Construct a toric Hilbert modular form ip\^ of character X(f> for each € X^'''* as above by a careful 
choice of toric local Whittaker functions in local Whittaker models of tt (See Def . 13. 1[ Lemma I3.17P . 

(2) Make an explicit calculation of the Fourier expansion of i^a^- 

(3) Via the p-adic interpolation of the Fourier expansion, construct a p-adic family of toric forms {(^A^j^gj^crit • 

The p-adic L- function 'Ps{'k, A) is obtained by a weighted sum of the evaluation of this family at a 
finite set of CM points. 

The evaluation of ip^ with % = Ai^ at CM points in the step (3) is actually the toric period integral Py^{ip^) 
given by 

PxiVx) = I pMt))x{t)dt. 

To prove the formula in Theorem we have to express the square P^(ip^Y ™^ terms of the central L- value 
L{^^'Ke®x)- This is usually referred to as an explicit Waldspurger formula. Such a formula has been exploited 
widely in the literature based on either explicit theta lifts ([ MurlO| . |Mur08| . |Xue07| . [HidlO a] and fBDPJ) or 
the technique of relative trace formula ([MW09J). In this paper we adopt a different approach, making use of a 
formula of Waldspurger which is indeed proved but not stated explicitly in |Wal85| . This formula decomposes 
the square P^i^p) of the global period toric integral into a product of local period integrals involving local 
Whittaker functions of (p. Explicit computation of these local integrals shows that P~^{ip)'^ is essentially equal 
to the central value of the L-function L{s, ttb (g) A). We emphasize that this explicit formula does not depend 
on the choices of explicit Bruhat-Schwartz functions in the classical approach of theta lifting but on choices 
of local Whittaker functions which reflect the arithmetic of modular forms directly via the Fourier expansion. 
We make a few remarks on our assumptions. The restriction (jsj is due to the computational difficulty on the 
local period integrals and the local Fourier coefhcients, and it is expected to be unnecessary. We hope to come 
back to the removal of this in the future. However, Hypothesis is fundamental, the failure of which makes 
the period integral P^{ip^) vanish by a well-known theorem of Saito-Tunnell ( |Sai93| . |Tun83| ). 

The proofs of Theorem [B] and Theorem [C] are based on the ideas of Hida in |Hid04a| and |HidlOb| . Thanks 
to Hida's theorems on the linear independence of modular forms applied by transcendental automorphisms of 
the local moduli of CM points in Hilbert modular varieties modulo p loc.cit. , the vanishing/non- vanishing 
modulo p properties of the algebraic part oi L{^,tte <S) x) with anticyclotomic twists can be deduced from the 
vanishing/non- vanishing of the Fourier expansions of the toric cusp form ip\ at cusps (a, b) such that ab~^ is 
the polarization of abelian varieties with CM by O^. A new ingredient of this paper is the explicit computation 
of Fourier coefficients of toric new forms (p\ and a study on their non- vanishing modulo p property in iJ3.9l 
Exploiting the connection between the Fourier coefficients of Hilbert modular forms and the trace of Frobenius 
of the associated Galois representations, we deduce from the vanishing modulo p of Fourier coefficients of ipx 
at these cusps that the trace of residual Galois representation Pp(7r) is vanishing on the coset Gp — Ge- A 
simple lemma (Lemma 16. 3p on modular representations shows that 'Pp{tt)\ge is reducible. 

This paper is organized as follows. After fixing notation and definitions in ^ we derive a key formula of 
Waldspurger on the decomposition of global toric period integrals into local toric period integrals (Prop. 12. ip 
in ^ The bulk of this article is ^ where we give the choices of local toric Whittaker functions W^,^ and 
calculate explicitly these local period integrals attached to W^.f • "^^^ explicit Waldspurger formula is proved 
in Theorem I3.18[ and a non- vanishing modulo p of these toric Whittaker functions is proved in Prop. 13.151 
After reviewing briefly theory of complex and geometric Hilbert modular forms in §4l we prove Theorem [Al in 
|5l The key ingredient is Prop. 15. 5[ the construction of a p-adic measure IfA.c on F^ with values in the space 
of p-adic modular forms, and the p-adic L-function Ve{t^,X) is thus obtained by evaluating S^a.c at suitable 
CM points. The precise evaluation formula of ^'^■(Tr, A)^ is established in Theorem 15.61 In ^ we study the 
/I- invariant of 7'i;(7r, A) and prove Theorem [B] in Theorem 16.21 Finally, the non- vanishing of central L-values 
modulo p is considered in ^ and Theorem [C] is proved in Theorem 17.11 
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1. Notation and definitions 

1.1. Measures on local fields. We fix some general notation and conventions on local fields through this 
article. Let -0q : Aq/Q — >■ be the additive character such that V'q(2;oo) = exp(27rixoo) with Xoo & El- 
Let g be a place of Q and let F be a finite extension of Q,. Let ipg be the local component oi ip a.t q and let 
ijjp := ipq o Tp/Q^, where T^/q^ is the trace from F to Qq. Let dx be the Haar measure on F self-dual with 
respect to the pairing {x,x') i— >■ ippi^xx'). Let \-\p be the absolute value of F normalized by d{ax) = \a\pdx 
for a £ F^ . We often simply write |-| = |-|^ if it is clear from the context without possible confusion. We 
recall the definition of the local zeta function C-f(s). If F is non-archimedean, let zup he a uniformizer of F 
and let 



If F is archiniedean, then 

Cr(5) = ^-^■/'r(s/2); Cc(s) - 2(27r)-^r(s). 
The Haar measures d^ x on F^ is normalized by 

d^x — Cf(1) \x\p^ dx. 

In particular, if = R, then dx is the Lebesgue measure and d^x — \x\^ dx, and if = C, then dx is twice 
the Lebesgue measure on C and d^x — 2-K~^r~^drdO {x = re*^). 

Suppose that F is non-archimedean. Let Op he the ring of integers of F and let Dp he the absolute different 

of F. Then Pj^^ is the Pontryagin dual of Oi? with respect to V'_f, and Yo\{Op, dx) = \Dp\p. li ^ : F'' — >C^ 
is a character of i^'*, define the local conductor a(/i) by 

a{p) ^ inf {n G Z>o | ^(x) = 1 for ah x G (1 + vj'^Op) n O^} . 



1.2. If L is a number field, the ring of integers of L is denoted by Ol, is the adclc of L and Alj is the 
finite part of A^ . For a E , we put 

ilLia) a(Oi Z) n i. 

Denote by Gl the absolute Galois group and by rec^ : G^^ the geometrically normalized reciprocity 

law. We define : A^/L ^ by iPl{x) = tAq ° TrL/Q(x). 

Let Vp he the p-adic valuation on Cp normalized so that Vp(p) = 1. We regard L as a subfield in C (resp. 
Cp) via Loo ■ Q ^ C (resp. Lp = l^^ o '■ Q ^ Cp) and Hom(L, Q) = Hom(L, Cp). 

Let Z be the ring of algebraic integers of Q and let Zp be the p-adic completion of Z in Cp. Let Z be the 
ring of algebraic integers of Q and let Zp be the p-adic completion of Z in Cp with the maximal ideal irip. Let 
m = Lp^{mp). 



1.3. Local L-functions. Let F be a non-archimedean local filed. Let ^,1/ : F^ — C^ be two characters of 
F^ . Denote by I{fi,v) the space consisting of smooth and GL2(OF)-finite functions / : GL2(F) C such 
that 



a b 



/((o ^]g) = KaHd) - fig) 



Then I{fi,iy) is an admissible representation of GL2(F). Denote by nifi,!^) the unique infinite dimensional 
subquotient of I{pL,v). We call 7r(/i, a principal series if ^v^^ ^ |-|^ and a special representation if 



Let i? be a quadratic extension of F and let x • C^ be a character. We recall the definition of local 

L-functions L(s, np ® x) ( |Jac72i §20]) when tt = 7r(/i, v) is a subrepresentation of v). li E ~ F Q) F, then 
we write x = ixi,X2) : F^ ©F^ — ^ C^ and put 



L{S,'KE'S)X) = 



L{s,Tr®xi)L{s,'K<g)X2) if Ml' ^ 7^ I -1^, 
L{s, MXi)i(s, MX2) if /ii'"^ = I • I- 
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If is a field, then 

Here jj! = jjLo N^; /p^v' — vo'^^^/p are characters of . 

1.4. Whittaker and Kirillov models. Let F be a local field. Let tt be an irreducible admissible represen- 
tation of GL2(F) and \ei ip : F ^ be a non-trivial additive character. We let 'W{'K,ip) be the Whittaker 
model of tt. Recall that yV(7r, V') is a subspace of smooth functions W : GL2(F) — ^ C such that 



(1) W{{^^ g) = 4^{x)W{g) for aU x^F. 



(2) If V is archimedean, ^) = 0(|a|^) for some positive number N. 

{cf. |JL70[ Thm. 6.3]). Let /C(7r,-0) be the Kirillov model of tt. If F is non-archimedean, then IC{tt,iP) is a 
subspace of smooth C- valued functions on i^^ , containing all Bruhat-Schwartz functions on . A function in 
/C(7r, ip) shall be called a local Fourier coefficient of tt. In addition, it is well known that we have the following 
GL2(-F)-equivariant isomorphism 

W(7r,V) ^/C(7r,V) 

(1-1) fa \ 

W^£,w{a):^W{(^ J). 

2. Waldspurger formula 

Let F be a number field and F be a quadratic field extension of F. Let A = Ap- Let G = GL2 /p. Let tt 
be an irreducible cuspidal automorphic representation of G{A) with unitary central character u. Denote by 
A{'k) the realization of tt in the space Aq{G) of cusp forms on G(A). Let x be a unitary Hecke character of 
such that x|ax = ■ Let tte be the quadratic base change of tt to the quadratic extension E/F. The 
existence of tt^; is established in |Jac72) . The goal of this section is to deduce from results in |Wal85| a formula 
(Prop. 12. ip which expresses the central value t^e ® x) i'^ terms of a product of local toric period integrals 
of Whittaker functions. 

Let ip := ijjp : A/F be the standard non-trivial additive character. For a place v of F, we let 

Gy = G{Fy) and let Xv ■ — (resp. ■0„ ■ Fv ^ C^) denote the local constituent of x (resp. -0). 

2.1. For X eE, let T(a;) ■.= x + x and N(a;) = xx. Let {1, d} be a basis of E over F. We let t : F ^ Af2(F) 
be the embedding attached to -d given by 

(2.1) t{ai9 + b) = „ ^ j (a,&e F). 

Put 



J 



-1 



T(^)\ 



1 y ■ 

Then Af2(F) = /,(F) ® t(F) J. It is clear that = 1 and /,(t) J = Jt(t) for aU t e F. 

2.2. The local bilinear form and toric integraL For each place v of F, denote by tt^ (resp. t/'d) the local 
constituent of tt (resp. tp) at u. Define a C-bilinear form by : yV(7r^, ■f/'u) x W(7ru, -f/'^,) ^ C by 

b„(W^i,I^2) := £ y" i))^2((^~" ^))c.-\a)d^a (I^i, 1^2 e W(^., V.)) 

= /^^M^i((" i))W^2(("" ^))..-i(a)dXa. 

It is known that this series converges absolutely as is a local constituent of a unitary cuspidal automorphic 
representation. Moreover, the pairing b^, enjoys the property: 

(2.2) KiTrig)Wi,7:{g)W2) ^ Ljidetg)KiWuW2). 
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The pairing b„ thus gives rise to an isomorphism between the contragredient representation tt^ and tt ® w ^ . 
The local toric period integral for Wi, W2 G yV(7r„,'0„) is given by 

P{W^,W2.Xv) I h,{Tl{i{t))Wun{J)W2)Xv{t)dt ■ ^^"/^"^ 

The above integral converges as Xv is unitary f |Wal85[ LEMME 7]). 

2.3. A formula of Waldspurger. Let A(s, tte <E) x) be the completed L-function oi tte <E) x given by 
A(s, TTE x) n ^ '^s <8) x) • H ^(s, T^E^ X«)- 

It is well known that A(s, tte (8) x) converges absolutely for Re s ^ and has meromorphic continuation to all 
s S C. Moreover, it satisfies the functional equation 

A(s, TTB (g) x) = TTE fg x)A('S, TTB g) x)- 

Here we have used the self-duality condition xIax = uj~^. The global toric period integral for ip £ A{Tr) is 
defined by 

Pxi^) ■■= [ ^{i{t))x{t)dt. 
The following proposition connects the global toric periods and central L- values of tte ® X- 

Proposition 2.1 (Waldspurger). Let (pi,(p2 S ^i^^) md let W^p^^W^^ he the associated global Whittaker 
functions. We suppose that W^. = Yiv^i,^' ^^^£''6 G {t^v , ''Pv) such that Wi^y{l) = 1 for almost v 

(i = 1, 2). Then there exists a finite set Sq of places of F including all archimedean places such that for every 
finite set S Z) Sq, we have 

Px(^i)Px(^2)=A(l ^B®x)- n 771 ^——,-P{Wi,,,W2,,,Xv)- 

Proof. The proof is the combination of various formulae established in |Wal85| . We first recall some 
important local integrals. Let D = GxG. For each place v of F, let = S{M2{Fy)) (g S{F^) and let 
F)ij ^ Gy X Gy . Let r ~ r'xr" : GyXDy EndiSt, be the Weil representation of GyXDy defined in |Wal85| 
§L3 p.178] 

Let If G A{tt) be an automorphic form in the automorphic realization of tt. Recall that the global Whittaker 
function of (p is defined by 



W^ig)^ 1^ ^ (^((^J fj g)iji-x)dx. 



Write yVv — W(7ri,, V'd). We further assume that W^p has the factorization W,^ — Y[y W^,y £ <E)yWv such that 
Wp,t,(l) — 1 for almost v. For each v, let U : Sy ^ W« <E) Wv, fv — > C^/„ be the Gt, xG„-equivaraint surjective 
morphism associated to Wy introduced in |Wal85[ COROLLAIRE, p. 187]. Define the following local integrals: 

j^^UfSi^ ^),(^"" ^)))^-i(a)dXa, 
B{fy,l):^[ f W^,yiay{a)fyix,x-^)dxda, 

P{fv,Xv, ]:) ■■= I B{r"{L{t), l)fy, l)xv{t)dt. 

The convergence and analytic properties of these local integrals are studied in [Wal85[ LEMME 2, LEMME 
3, LEMME 5]. Moreover, we have 

B(/„,l) = C(/.).-l-. 

CF„(lj 

For each w, we take a special test function /„ e Sy such that 
(2.3) Uf^ ^Wi^y^Tr{J)W2,y. 
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Note that fy can be chosen to be the spherical test function /,° IIm2(C'f ) (8) Iqx for all but finitely many 
V. With this particular choice of /„, we have 

P{fv,Xv, \)= I C{T"{,{t), l)U)dt ■ -i— 
(2.4) =/ K{TT{L{t))Wi,n{J)W2)Xv{t)dt--^ 

H^,tejfJ 

Let S — ^Sy be the restricted product with respect to spherical test functions {/^}^- Define the theta 
kernel for / := G 5 by 

^ r(a, u), a G G(A) {g E D{A) = G{A)xG{A)), 

{x.,u)eM2{F)xF^ 

and define the automorphic form 9{f,(p,g) on G{A)xG{A) by 



Jg{F)\G{A) 

Note that according to (|2.3p . we have 

d{f,'P, 91,92) = ¥'i(gi)v'2(.92J')- 
We define the toric period integral P{f, x) by 



Pif,x)-^ / 0{f,ip,i{h),L{h))x{ti)x{t2)dhdt2. 

i[_EXAx\A2]2 

By the relation jL.(t2)J — 1(^2) and the automorphy of ip2, we find that 

Let S'o be a finite set of places of F such that W^p^^, Wi,v and are spherical for all v ^ So. From |Wal85| 
Prop. 4, p. 196 and LEMME 7, p. 219], we deduce the following formula for every finite set 5 D Sq: 



P^i^,)P^{ip2) = A{l,7TE ^ X) • n Pifv^Xv, b ■ JJl 



We thus establish the desired formula in virtue of (|2.4p . □ 

3. TORIC PERIOD INTEGRALS 

3.1. Notation. Throughout we suppose that F is a totally real number field and i? is a totally imaginary 
quadratic extension of F. We retain the notation in the introduction and ij2.1l Let be a fixed CM type 
of E. Let TT be an irreducible automorphic cuspidal representation of GL2(A). Let n be the conductor of tt. 
Suppose that tt has infinity type k = X^o-ei; ^o-c S Z>i[I7]. Let m = m^a G Z>o[-£'] and let x be a Hecke 
character of infinity type (fc/2 + m, —k/2 — m) such that xIa^ — lo^^ ■ Let h be the set of finite places of F. 
Recall that the set of infinite places of F is identified with the CM- type S.. 

In this section, we will choose a special local Whittaker function at each place u of in ^3.61 and calculate 
their associated local toric period integrals in iJ3.7l and ii3.8l Finally, we prove in ij3.9l a non- vanishing modulo 
p result of these local Whittaker functions. This result plays an important role in the later application to the 
calculation of the /^-invariant. 

Let (resp. c^j) be the conductor of x (resp. lj). Let = £^ n F. We further decompose x\r — n^n^, 
where is prime to c^j and n~ is only divisible by prime factors of c^j ■ Put 

^^^^ c„(x) =inf {nG Z>o I X- 1 on (l + tu"Oij)^}, 

mv{x,'^) =c„(x) - v{xr). 

It is clear that Cy{x) = v{cj^). We put 

A{x) = {w G h I is a field, 7r„ is special and Cy{x) — 0} . 
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Let p > 2 be a rational prime satisfying (jordp . The assumption (lord[) in particular implies that every prime 
factor of p in f splits in E. Let Ep be the p-adic places induced by S via tp . Thus Up and its complex 
conjugation Ep give a partition of the places of E above p. Let be the prime-to-p conductor of tte <E) X- We 
fix a decomposition *Jl"'" = such that ^) — 1. 

3.2. Galois representation attached to tt. Let Pp(7r) : Gp GL2(C'l^) be the p-adic Galois representa- 
tion associated to tt as in the introduction. Let w |p and let Wp^ be the local Weil group at v. Suppose that 
TTy = Tr(i2y,Uy) IS & subquotlcnt of the induced representations. By the local-global compatibility ( |Car86| . 
|Tay89| and |Jar97| ). we have 

/ 1 _ I. \ 

-i| 



(3.2) Pp{'^)\wf^ ~ " ' ' i-fc„„ (fc„j; = maxfc,^). 

In particular, this implies that ^y{wp^) and iyy{-cup^) are p-adic units in . 
3.3. Open-compact subgroups. For each finite place v, we put 



K° =<9 = 



1 .9 = eG^\a,d£ Op^, b e Vp^, c e r>F„, det^ e O^J , 



and for an integral ideal a of _F, we put 



c d J 

Uy{a) ={g e GL2(OfJ | .9 = 1 (mod a)} . 
Let = Htieh U{a) = Yly^h Uv{a) be open-compact subgroups of GL2(A/). 

3.4. The choices of and <j„. Fix an integral ideal r C c^nD^ of F. For each finite place, let dp^ be a 
generator of the absolute different Vp^. We choose -d ^ E such that 

(dl) Im cr(i9) > for aU a e S, 

(d2) {l,dp^-&} is an C'i?^,-basis of Op^ for all w | pv, 

(d3) d^^^i? is a uniformizer of for every v ramified in E. 
Then is a generator of E over F which determines an embedding E ^ M2 (F) in (|2.ip . Let 

(5 = 2-i(t9-^) e 

For each w split in E, we shall fix a place w of i? above v throughout, and decompose Ey -.^ E (E)p Fy = 
FyCw ® FyCyj, whcrc sjid Cyj are the idempotents attached to w and w. If t;|p*Tt''~, we further require that 
w\'^Sp, i.e. w\'^ or w £ Up. We identify 5 € i?^ = and write dy = i^ujCu, -I- dyjew for split w. 

For each finite place f , we fix a uniformizer voy = wp^ of Fy. By (d2), we fix a choice of dp^ as follows. 



- \ y{Vp 



25 if V \ px is split 

Wy'"'^''^ otherwise . 



We also fix an Oi?„ -basis {1, 0„} of Op^ such that Oy — d except for finitely many v and 

dv = d'pl'd for v\px. 

Write By = ay-d + by with ay, by G Fy. 

For each place v, we define £ GL2(i^„) as follows: 

<,v^[ Q ' M for w ^ cr e r, 

(3.3) ={'&w - "^w)'^ i^^dp^ " ^ 



dp^, ^by 



<;„ = for non-split finite v. 

For t £ Ey, we put 
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ti 

t2 



It is straightforward to verify that if w = ct G £' is archimedean and t — x + iy Cz C ^ , then 
(3.4) i,At) 
and if w = ww is spht and t = tie^ + t2ew, then 
(3.5) 

Moreover, we note that for all finite places v 



3.5. Running assumptions. In this section, we will assume Hypothesis [Al for (tt, x) and 
(sf) is square-free. 

The assumption (jij implies that tt^ is an unramified special representation if tijn^ and TTy is a ramified principal 
series if v\n~ . In particular, for every place v inert or ramified in E, tt^ is a sub-quotient of induced repre- 
sentations and the local L-function L{s,TTy) ^ 1. We shall write tt^j = 7r(/ii,, i^i,) such that L(s,ny) = L{s,^y) 
for v\n^ . Moreover, by the local root number formulas |JL70[ Prop. 3.5,Thm. 2.18], under the assumption (js^) 
Hypothesis [A] on the sign of local root numbers is equivalent to the following condition: 

(Rl) For each v G A{x), v is ramified in E and IJ-'yXvi'^E^) — — \^\^ {l^v — fJ-v ° ^e^/f^}- 



In what follows, we fix a place v of F. Let F = Fy and E — Ey. Let O = Op and vo = Wy if v is finite. 
We shall suppress the subscript v and write tt = tt^ , x = , = and ip = ipy. 



3.6. The choice of local toric Whittaker functions. If v is finite, we let Wy denote the new Whittaker 
function in >V(7r,V')- In other words, Wy is invariant by Ky{n) and ^^^(1) = 1. The existence of Wy is a 
consequence of the theory of local new vectors |Cas73| . Now we introduce special local Whittaker functions. 



3.6.1. The archimedean case. Suppose that v = a G E is an archimedean place and _F = R. Then tTq- = 

7r(|.| 2 J. I 2 sgn ") is the discrete series of minimal S0(2,R)-type k^- Let Wk„ G yV(7r„,V't)) be the 
Whittaker function given by 



cos f sm f 
- sin 6 cos ( 



(3.6) WkA^i^ jKe) = a^e-2-lj,^(a).e''=-^gn(z)'=' (z G R^ = 
Let V+ and V- be the weight raising and lowering differential operators in |JL70[ p. 165] given by 

V±=(^Q ^^^1±(J ®i GLic(GL2(R))0RC. 
Define the normalized weight raising differential operator V+ by 

(3.7) ^--(i)-'^^- 
Then we have 

(3.8) K'WkAgKe) - V^" (g)e^('=-+2"')^ 
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3.6.2. The split case. Suppose that u = is split with u'jZ'p J? if w|p91^. We introduce some smooth functions 
SL^^y on in the Kirillov model IC{TT,tp)- Write x = iXw^Xw) : F" (S C^. If the local L-function 
L{s, IT ® Xw) = 1, we simply put 

Suppose that L{s, tt (g) Xw) 7^ 1- Then vr = 7r(/i, z^) is a principal series or tt = 7r(/i, v) is special with /ii/^^ = I ' I 
and nxw is unramified. If tt (g) is unramified, we set 

z+j— v(a), i,j>0 

If A*iXi« is unramified and fJ.jXw is ramified for {/ii,/i2} = {/x, j^}, we set 

ax,«(a) = /Xi|-|2(a)Io(a). 

If vr is special, we set 

f^x,v{a) = M|-|'(a)IIo(a)- 

These functions a^.t, indeed belong to the Kirillov model JC{tt, ip) in virtue of the description of the Kirillov 
models jJac721 Lemma 14.3]. For each ^ G IC{tt, by the isomorphism p.ip we denote by g W(7r, V') the 

unique Whittaker function such that W^{^ ^) — £,{a). We put 

It follows from the choice of W^^^ that 

W^^^v = W^^v if (/) : is unramified. 

Recall that the zeta integral \I'(s, W,Xw) for W G W{tt,i/j) is defined by 

^{s,W,x^.) J^^ W^((° ^^)x^(a)|ar-^d>^a. 
Then the zeta integral for W^,^ satisfies the following equation: 

(3.9) ^is,W^,y,Xw) = Lis,Tr(^Xu,)\VF\^ (vol(0^ , d^a) = IPfP). 

Suppose that v = ww with w G Up. We define some p-modified Whittaker functions as follows. For each 
u G Op, we put 

a„,t,(a) := lu(i+zuO){a)xw{a^^) and W^^u.v = Wa„,,. 
Let ^(a) := I^x (a)Xu)(fl^^) ^nd let VF^ ^ be the p-modified Whittaker function given by 

(3.10) Wl, := M/,.^ = J2 ^x..u,v. 
where Uy is the torsion subgroup of . It is easy to verify that 

(3.11) ^(s, W\^,, x») = 1 ; A (o rf) =X^'(a)x^'(rf)W^L for a, d € 0^ 6 £ 2?^;^ 

3.6.3. r/ie mert and ramified case. Suppose that v is an inert or ramified finite place. Then £^ is a non- 
archimedean local field. Define the operators TZy and V^,^ on G W(7r,-0) by 



V^,,W{g) :=v^i • / ^{iS))W{9)x{t)dt. 
Je>' /fx 



E"- /F'^ 

W{g^-h{t)^)x{t)dt. 

EX /FX 



Note that 

, ^ , ^ ^ , ,i ,„ ,_i 1 if f is inert, 

^rE^vol{E'</F'<,dt)^ey■\VE\h\'DF\ ' , = <^ ' 

z it w IS ramified. 
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We define the Whittaker function W^^y by 

(3.12) w^,y ■.= r^,,K'-^^'^'>w°. 

3.6.4. Define tlie subgroup %, oi by 

'O^F^ if t; is split, 



% = 



if w is non-split. 



Then % ^ {x ^ E \ x/x G O^} if w is finite. 

Definition 3.1 (Toric Whittaker functions). We say that W G yV(7r,-0) is a toric Whittaker function of 
character x if 

7r(t,(i))PF = x"^(i) • W for all t e 
Lemma 3.2. The Whittaker functions W-^^y chosen as above are toric. To be precise, we have 

(1) V^^'Wk^ is a toric Whittaker function of the character Xa '■ — > C^, z i— > z^'^'^^'z^™"' \z'z\^^'' ^'^ . 

(2) If V is finite, thenW^^^y are toric Whittaker functions of character Xv ■ 

(3) Ifv\p, then W^ y is toric, and for u e Op 

where u.t^^'^ utyjt:^^, t — twCy, + tyje-w G with w € Sp, 

Proof. It follows immediately from the definitions of these Whittaker functions together with (|3.8p . p.4p 
and □ 

3.7. Local toric period integrals (I). 

3.7.1. Define the local toric period integral for W E yV(7r,?/;) by 

PiW,x) ■■=P{w,w,x) 

hy{nm)W, n{J)W)x{t)dt ■ ^^^'^y^ 
The main task of this section is to evaluate P(7r(^)W^^„, x)- Put 

d(«)=(" ^) (aefX). 
We first treat the archimedean and split cases. 

3.7.2. The archimedean case. Suppose w = cr G ^ Hom(i^, R) is an archimedean place. 
Proposition 3.3. We have 

P(-rrlr\V^''W ^\ - 0^ T{m„ + l)T{k„ ^ m^) 
P{tt{^)V+ Wk^,x)-2 (4^)fc,+i+2m. • 

Proof. Introduce the Hermitian inner product on yV(7r, ip) defined by 



{Wi,W2} := hy{Wi,c{W2)), where c{W2){g) := W{(^ ^ ^ gMdetg). 
Write k — ka- and m — iria. It is clear that 

{Wk^Wu) - (47r)-'=r(fc). 

Since c{V]^Wk) and 7r( ^ "'^ ^ )V"''Wk are both nonzero Whittaker functions of weight — fc — 2m, there exists 
some constant 7 such that 

7t{(^'^ ^)V];^Wk = 7 • c(F7M^fe) V7M^fc(d(a)) = 7 • VJ^Wkid{a)) for aU a e R+. 
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Let h„i{x) := VJ!^Wi.{d{x)). Then hQ{x) = Wk{d{x)) is a real-valued function in view of the definition p.6p . 
A simple calculation shows that 

hm+i — 2a; — + {2'kx — k — 2m)hm, 
ax 

so by induction h„i{x) takes value in R (c/. |JL70[ p. 189]). This implies that 7 = 1. We thus have 



1 



K{TT{<;)vj;^Wk,TTiJ<;)vi^Wk) = {vi^Wk,vj^Wk) (?-^J^ = ' ^ 

To evaluate (Vq"W^/c, VJ!:'Wk), note that by [jUfOl p.l66] we have 
3.13 V^Vj^Wk = -4 " ^ -f-^ ^ • Wk, 

r(fc) 

and hence we find that 

(T/7VFfe,F7Tyfe) =(-ir(W^fe,F!"l^7Wfe) 

=4"(47r)-'= • r(fc + m)r(m + 1). 

Recah that dt = 2TT^^d9 witht = e'^, so vol(C^/R^,dt) = 27r^^ ■ n — 2. Combining these with Lemma [37 
(1), we find that 

P{7T{,)Vj^Wk,x) = 2 . (-87r)-2™ . K{n{,)V^Wk,n{J,)V^^Wk) ■ ^ 

CR(lj 

= 2^ • (47r)-'^-2m-lp(fc_^^)p(^^ □ 

3.7.3. The split case. Suppose that v — wW is a finite place split in E. Recall that we have assumed wlSp^ 
ifv\pm+. 



Lemma 3.4. We have 



-1 Tjr . ^2 L{^,Tr<^Xw) A ^ -1-2, 



2 -?-(^,7r(g)Xu.) 2 

Proof. Let W{g) j'j^ )w-i(det 5). By [JiTfOl Thm. 2.18 (iv)], we have the local functional 

equation: 

■^{l-s,W,xZ.^) I ^ '^{s.W,Xn,) 
L{1 -s,n-^ x^') ^ ® ■ Lis, n®xn,y 

We note that 



^1, J^i, = 

A straightforward computation shows that 



dp^ 



Pini^)W,x)^ujidcti) I I Widiah))W{di~a) [ '^^^))xy.{ti)uj-'ia)d'' adh 



px J px 



= ^(-det^.df)^^ J^^ W{d{h))W{d{adf) (^^^ ^^)xUti)co-^x;,\a)d''adh 

= u;{det,)io-^xZ,'{-dF)^i,W, x^f ' ^ ® V') • ^^""^ Z^^^^ ' 

2 2 L{^,TT(E)Xw) 

The lemma thus follows. □ 
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Proposition 3.5. We have 



If V = WW with w e Up, then 

P{t^{'^W^,v,X) =-rn \2"^ Xw {-^3)pF\■ 



Proof. The proposition follows immediately from Lemma [331 p.9P and p. lip combined with our choices 
of di? for and the fact that 

.1 

3.8. Local toric period integrals (II). In this subsection, we treat the case v is inert or ramified. A large 
part of the computation in this subsection is inspired by |Mur08| . Let 

I ) 

K°{w) |.g = eK°\a-l£ wO, c £ wVp^ ■ 

Let 9 — 6y Oe i>e the element chosen in ti3.4l and write W'^ for the new local Whittaker function at v. 
Recall that {1,0} is an O-basis of Ob and is a uniformizer if E/F is ramified. 

3.8.1. We prepare some elementary lemmas. 

Lemma 3.6. Suppose that v\v. Let m he a non-negative integer and let 



//ye tn'^+^O, then we have 

d(cc7"')t,(l + ?/0)d(cc7-") e K'^{m). 

If y (z zu^O^ and < r < m, then 

7V(2?^i)d(t^").,(l + ye)A(u^-^)B\0) =N{V^') (^"^ wB\0). 

If y £ wO , then 

/_m+e„ — 1 \ 

Proof. Recall that if u|r, then Q = dp^-d, ^ — ' ^^"^ hence 

Then the proof is a straightforward calculation, so we omit the details. □ 
Lemma 3.7. Suppose that x\f^ is trivial on 1 + vjO . For each non-negative integer r, we set 

1 _ 1 

where d'y is the Haar measure on O such that vo\{0,d'y) = L{1,te/f)\I^e\e\'^f\ ^- Then X,. = if 

i _ 1 

Cv{x) > ^ o,nd < r < Cy{x) and Xr ^ \nj'''\ ■ L{1,te/f)\'T>e\%\'Df\ ^ ifr>Cy(x)- 
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Proof. Let Qr := 1 + w'^Oe/^ + vj'^O. If < r < c^(x)j then x is a non-trivial character on the group 
Qj.. Note that we have a bijection ro'"© Qr, 2/ '—^^ 1 + 2/^ and the pull-back of the quotient measure dt on 
Qr is d'y. Therefore, we have 



d'y^ / x{t)dt 



ifO<r<c„(x) 
jo\{w''0,d'y) if r>c„(x). 

This finishes the proof. □ 
Define the matrix coefficient m'^ : GL2(i^) — > C by 

W°(d{a)g)W''(d{a))u^^{a)d''a. 



Since is invariant by K^{w), m*'(g) only depends on the double coset K^(w)gK^{w) by (|2.2p . Put 

m = nivix, tt) = Cvix) ~ v{n^) > -1. 

We set 

P*(7r(07^rT^^x) := P(^(^)7e™W^°, x) ' dct ^-^) 

(3.14) =y^^^^^b,(7^-™7r(.,(^))7^;"vt^°,4("^ ^))w-")x(t)rft 

= /" m°{diw"')t,{t)d{m-''^))xit)dt. 

J EX /_Fx 

Here we have used the fact that m + v{T{6)) > in the second equality. It follows immediately from the 
definition of the projector T^^ ? that 



Using the decomposition 



and Lemma |3.6[ we find that 



Cf(1) 

£;x = (l-f oe) \_\ {wO + 6) 



(3.16) 



P*(^(^)7^™I^^X)= / X(l + y0)m°(d(tn'").,(l+y0)d(tn-'"))d'y 
Jo 

+ f xi^ + e)m'^{d{w"^)i,{y + 0)d(n7"'")) \y + e\^' d'y 

m „ 

• m"(l) -I- V / x(l + yeMw-"'y)d'y ■ m"(d( 



n72(™-'^))w) 



+ Fo • a;(ti7-™)m"(d(7i72™+'="~i)w), 

where 

Fo:- / x(2/ + • kr-^" . 

In what follows, we use Lemma [3.71 and p.l6p to calculate P{tt{(;)W^^v,x)- 
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3.8.2. The case v \ . Suppose that v \ , i.e. the central character uj is unramified. Then ([sj) imphes that 
TT is either an unramified principal series or an unramified special representation. 

Proposition 3.8. Suppose that tt is an unramified principal series. Then 

a;(det^) if c^{x) = 0, 

^L{1,te/f)^ ifcy{x)>0. 

Proof. Since tt is unramified, uj is unramified and m = Cy{x)- Write tt — tt{^,i>) and let a — nizu) and 
f3 — v{tu). The matrix coefficient m° is a spherical function on GL2(F) in the sense of jCar79[ Definition 4.1, 
p. 150], and m°((7) only depends on the double coset K^,gK'^. By Macdonald formula, 

.o^7^ n.,. Cf(l)i^(l,Ad^) 1 (l + |tn|)CF(l) ,„ ,1. 

1 

(3.18) m°(d(n7)) ^-^^ ■ {a + (3) ■ m°(l); 

1 + |n7| 

(3.19) m\d{w^)) =-^^ • (a' + /S^ + (1 - |tn|)a/3) • m«(l). 
If w is inert and ni = 0, then 

.:{dei,-^)P{^{,)W\x) =m"(l) . ^^^'^^f^ • \VE\i IPfP^ 

1 



(1- a/3-1 |Ti7|)(l-a-i^|ro|) 



=L(i,7r£®x)-|2?s||- 



Suppose that either v is ramified or m > (so v\x and detc; = 1). Then we deduce from (I3.16P that 

m — 1 

P*(7r(07^r W^'', X) • m"(l) + ^ (X, - X.+i)^(^'"-") ' m°(d(n7^(™-'-))) 

+ Fo ■ t^(tu-™)m0(d(tu2"'+^''-i)). 
If u is ramified and m = 0, then = \De\% I^^fP^ and Yq = x(i^£;) l^^sll PfP^- By (P?^ . we find that 
P(^(,)W^",X) =(m°(l) + x(tnF)m°(d(t^))) ^^^'^^(^^ II^fF^ 

Cf(1) 

m + ^-M^x(-F))-mM).^4m^ (b^™ 

l + |ro| Cf(,1) 

^ (1 + x{^E)a |n7p)(l + x(n7g)/3 \w\^) „ I^fII I^fI'^ 
i + kl ■ Cf(1) 

= \De\1-L{]^,t^e®x)- 

Suppose that m > 0. Note that since x\o^ = Ij = — if v is inert and Yq = = if u is ramified. 
Combining with Lemma [3.71 p.l9p and (I3.20p . we find that 

._„,i(l,^F/F) 



P(7r(07^rW^^ X) • (m°(l) - Lo{vo-^)m\d{w^)) ■ u:{zd- 



Cf(1) 



=w(tn j |w I , . 11 m (1) 

1 + \w\ 

Cf(i) i^^i^i^^i 

=u;(tu")|n7™||I?s||.L(l,Ti,/;.)2. 
The proposition follows immediately. □ 
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Proposition 3.9. Suppose that tt is an unramified special representation. Then 



{l{1,te/f? z/c„(x)>0, 

X \ 

I 2 if V is ramified and Cv(x) = 0- 

Proof. Suppose that wln^- Then m — my{xT'^) — Cti(x) ~ 1- RecaU that tt = ■k{^,,v) is a special 
representation witli a unramified cliaracter /i and p,i>^^ ^ M- We have 

W\d{a))^^i{a)\a\^lo{a), 
VF°(d(a)w) = - Ai(a) W W\ I^-ioW- 

A direct computation shows that 

1 - |n7| V ^/ 

If Cy{x) > 0: then it follows from p.l6p and Lemma 15771 that 

P(7r(07erW^°, X) • (m°(l) - m"(w)) • a.(n7'") ^^(^^ 

=c.(t^'")|n7"+i|.|I?i,||L(l,rs/^)2. 

If c,(x) - (m = -1), then v is ramified, Xq = \Ve\1 PfP^ „ = xC^b) Pe\1 PfI'^ , and 

P(.(^)K"l^o, x) = (Xo . m"(l) + yo • mO( J w)) ui^^-^) ■ ^^^^^ 

= (1 - mMx(^b) kr^) PbII I^^fP^ • mO(l)(l - 
_ 2|I?£||c^(7Z7-i) 



1 + Irol 



(by (Rl)) 



= 2p£||c^(tu-i)-i(i TTB^X)- □ 

3.8.3. The case v\n~ . We consider the case tt is a ramified principal series. Recall that ([sj) suggests that 
TT = 7r(/i, i^), where /i is unramified and v is ramified, and the conductor a(i') = a(aj) = 1. Since xI_f'< — ^^^j 
we must have m = Cv{x) — 1 > 0. Let 6v ■= — 9. Let De/f be the discriminant of E/F. We begin with a 
lemma. 

Lemma 3.10. Suppose that xlox 7^ 1 ff^^ x|i+roO = 1- T/ien 

/ x{y + e)d'v = x('5.) I^.ll • ■ L{l,rE,F) \De,f\^ ■ 

Proof. By |HKS96i Prop. 8.2], we have 

X{y + 2-M,)dy x{y + 2-M„) \y + 2-'5,\-J-'' dy\,^_. 

^X{0v) \SvVe ■ —j—^ TV- 

e(-l,cj,'(/;) 

By the assumption, for all r > m + 1 we have 



/ 



xiy + 9)dy = xi^ '') • / xiy)dy = 0. 
Thus 

/ x{y + 0)dy = \\m x{y + 0)dy^ / x{y + 0)dy = / x{y + '2'^S,)dy. 

Jtu-'^O r ■J^-^'O Jf Jf 
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The lemma follows from the fact that 

- 

d'y = L{1,te/f)\De/f\^ ■ dy. □ 

Proposition 3.11. Then we have 
where Uy is given by 

(3,21, ,,..«:^,zj,. 

Proof. Note that L{s, t^e 'E)x) — ^ a-^id the conductor a(j/) = 1. A straightforward computation shows that 

W^°(d(a))=H-|M«)Io(«), 

e(0,a;, V) 

e(0,w, V') ■ (1 - |ro|) 
It is not difficult to show that if to = Cy{x) — 1 > 0, then 

/ x{y^^ + S)d'y = for < r < TO and 

/ x{y + e)d'y = Q, 
Jo 

and that if v is ramified, then 

Y^= f xiy + 0)d'y^O. 

From the above equations, we find that 

P*W^)7^™M^^x)=^n^+l•m«(l)+f] / x{y-^ + e)d'yu:{w'^)m'>{d{vj^^-^^)^) 



+ Fo • w(^7-")m"(d(ct72m+e„-l)^^, 
= / x{v + 0)d'y ■ a;(n7-'") jw^™! m"(w). 



By Lemma 13.101 we obtain 



_i e(0,x-\^£) ^1,^£/f)' 



Cf{1) 

= \uj^^\-x{S.)\S.\1\'^e\IPf\ ,^ I ^ 

e(-l,tj,V') e(0,w, V'jll - |w|) Cf(1) 

= ^ ^ ^ • PiJ 11 Xl^f^i^ ) 1^1-11 e(0,x 

The last equality follows from 

£(-1,6-., V) = \wVF\~'eiO,u,,p). 
The proposition follows. □ 
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3.9. Non-vanishing of the local Fourier coefficients. The function a^^ : C defined by 

is called the local Fourier coefficient associated to W^^y. 

Definition 3.12 (Normalized local Fourier coefficients). Let 

B{x) = {w G h I t; is non-split with c„(x) > 0} . 

For V £ B{x), let be defined as in (|3.2f p if u|n^ and n^, = f if w | n^. Define the normalized local Fourier 
coefficient a* ^ by 

[ Cy otherwise. 
Recall that e„ = f if w is unramified and = 2 if u is ramified. 

Let V \ p he a finite place. We are going to show the normalized local Fourier coefficients a* ^ indeed take 
value in a finite extension of Zp when regarded as a Cp-valued function via tp : C ~ Cp and is not identically 
zero modulo m. This is clear if v is split in view of the definition of a* ^ = a^ in iJ3.6l We give the formulae 

of Si^,v 

Lemma 3.13. Suppose that Cv{x) = 0. Then 

* ( ) J if V ] n is unramified, 

^'^ [ W°(d(a)) + VK"(d(an7i,))x(Tns„) if v ] n is ramified. 

// u I n, then v is ramified and 

Proof. It is well-known that if tt = 7r(/x, i>) is a unramified principal series, then 

W°{d{a)) = lo{a) lap • ^ 

i-\-j—v{a), i.j^O 

{cf. [Buni97[ Thm. 4.6.5]). It follows from the definition of W^^v that W^_y — if v | n is unramified and 

WxAg) = I ■ W^ig) + \ ■ W°{gd{m))xi^E) if « t n is ramified . 
If v\n, then v G ^(x)- By (jRip v is ramified, and we find that 

WxAa) = I ■ <(.9dM) + i • <(5w)^(tu)x(n7i,). 
The assertion follows from the formulas of in Prop. 13.91 □ 

To treat the case v is non-split with Cy{x) > 0: i-^- v € B{x), we need to introduce certain partial Gauss 
sums. For a non-split place v, write tt — 7r(/i, f) with unramified /i and nv~^{w) 7^ \ w\ if tt is unramified or 
special. Define a character ^fVr.x.-u ■ -^^ ^ by 

(3.22) tf'^,^,„(i):-A*(NW)-xM|W- 

Recall that the partial Gauss sum A^(!fVr,x,i') in |Hsil2bi (4.17)] is defined by 



Lemma 3.14. Let v G B{x) be a non-split place with Cy{x) > 0- Then we have 



Cq: 



a^,„(a) =Aa{^^^^A^\-\--{a) ■ v\-\^{w"') \Df[ 



ifv\n-, 
I "7, 

1^"! x{s.) ^i';-_\L;t;f i n-. 
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Proof. We recall the Whittaker linear functional A : /(^, v) ^ C ( |Bum97[ (6.9), p. 498]) is defined by 

A(/)=/^^/((; ;')m-)^-=„i-/_^/((; -;))^(-x)d.. 

Let ? = <;^, = ^^^"^ ~ ^viXi^)- Define V^sT^^v ^ I5ndc /(/i, v) by 

V^^,W:f{9)^Y0\{E-/F\dt)-^ j^^^^^ f{g (^^ i,{t))dt. 

We are going to choose a section in /(/i, v)^^^'^^ such that 

<(.g)^AW5)/")- 
Let = ^x,?"^™/"- Then it is not difhcuh to see that 

ax,.(«) = W^x,-(d(a)) = A(7r(d(a))/°). 

Put 

/«(,)* i.-i|.p(^™)vs . /^(,) (v^ = e. PbII iPi^r^). 

Therefore we have 

=/°( ('^'^ d^i) ) l^^l ■ • I M«) + 0)H-d-/ax)dx 

It remains to determine and /^(?)- Since VF'^ is uniquely characterized by the property that W'~^ G yy(7r, ■0) 
is right ii'"(tn)-invariant with W°{1) = 1, it suffices to construct f G 7r(/x, i^)^"("^) with A(/0) = f. To 
calculate /^(^), following p.f 6p we have 

fli^r = 1 x(i + ve)f{^ ■ 7^„-™.,(f + ye)n":)d'y + f x{y + 0)f{^ ■ n-"h,{y + e)nT) d'y 

Jo Jt^O 

m „ 

• /"(O + E / X(l + ye)u:{w-"^y)d'y ■ /°(^d(t^2(™-.))) 

+ yo-w(n7-")r(^d(tn2'"+-"-i)). 
Suppose that tt is a unramified principal series [v \x\.~) or special representation [v \ n~). Then 

m — 1 

+ yo-^(tn-™)/°(^d(n72™+^"-i)). 

Let /^P'' be the unique if^-invariant function in J(/Lt, v) with /'^^''(cr) = L{1, ^iv'^) \Vf\'^. If TT is an unramified 
principal series, then we can take /° = f^^^ f |Bum97l Prop. 4.6.8]), and following the computation of the case 
Cu (x) > Prop. 13.81 we find that 

= |n7™||I?£||i(l,rs/F). 

If TT is special, then 

f = r'^ - ii-^\-\Hw)-'n{(^ Jj)r\ 
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and following the computation of the case (x) > in Prop. 13.91 we find that 

/°M*=X,„+i.(/"(0-/"(^-w)) 

=Xr,,+,-i~\uj\-' + \uj\),r\<;) 

={-!)■ \u,"^\\VE\i-L{l,TE/F)- 

Finally, suppose that tt is a ramified principal series with ramified v {v \ n~). Let B{F) be the group of 
upper triangular matrices in GL2(i^). Let /° G /(/i, v) be the function supported in B{F)-wN(Vp^) such that 

/0(<;wn) = \Vf\^ for every n £ N{Vp^). 
Then one checks easily that /° does the job. Following the computation in Prop. I3.f f [ we find that 

= u^iuj-"^) |n72™| . xiSr) ^""^^^ '^""'^ ■ ■ 

This completes the proof in all cases. □ 

To investigate the p-integrality of a* ^, we define the local invariant fJ.p{^Tr.x,v) by 
(3.23) iJ'p{^7,,x,v) inf Vp{^.^^^^v{x) - I). 

By |Hsil2b[ (4.17)], A^(!fVr,x,i') is indeed an algebraic integer. Moreover, it is proved in |Hsil2b[ Lemma 6.4] 
that 

Mp(^'7r.x,f) > "^=^ ^/j(^'7r,x,t)) = (mod m) for aU (3 ^ F" . 
Therefore, it follows from Lemma [3. 141 that if w e B{x), then a* ^ takes values in Zp and 

a* ^„ EE (mod m) -^=^ ^^pi'F-Ka^v) > 0. 
We summarize our discussion in the following proposition. 

Proposition 3.15. Let be the finite extension of Ol^ generated by {a* ^,(1)}^^^^^^^ and the values of x- 
Then we have 

(1) the normalized local Fourier coefficient a* ^ takes values in for every finite place v \ p, 

(2) if either v ^ B{x) is unramified or v & ^(x)^ then a* ^(1) — 1, 

(3) if V \ n is ramified with Ci,{x) = 0, then a* j,(ro~"'^) = 1, 

(4) if V £ B{x), then fJ-p{^Tr.x,v) = if and only if there exists rjy G F^ such that 

a* „(r7i,) ^ Q{mod m). 

3.10. The global toric period integral. We return to the global situation. Let W^j be the prime-to-p 
Whittaker function given by 



Definition 3.16. Let IlfTeZ' ^k^- Define the p-modified toric Whittaker function by 

(3.24) ^W^,oo ■ <5 • n Kv e 

v\p 

Let u — {uy) e (Of ®z Zp)^ — Ylv Op ■ The u-component W^^u of is defined by 
(3-25) W^,u = M^x.oo • • n ^x,u^,v- 

v\p 

Recall that the automorphic form (fw G A{tt) associated to G yV(7r,-0) is defined by 
(3.26) 1)5)- 
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Let ip^ (resp. <Px,u) be the automorphic form associated to (resp. Let Up = Y\^\pUy be the torsion 

subgroup of {Of 'S)z Zp)^. It follows immediately from the definition p.lOp that 

(3.27) 'Px= J2 

u^Up 

Choose a sufficiently small prime-to-p integral ideal ni such that W-^^^j is invariant by J7u(ni) for all v \ p. 
Let K = Ylv C GL2(A/) be an open-compact subgroup such that 

(3.28) ^ K° if V \ p; d U^im) if V ] p. 
For each positive integer n, put 



■.= igeK\g,= 



1 * 




^ (mod p") for all v\p^ 



It is easy to verify that and W^,u (and hence ip-^ and (Px-'^) invariant by Ki for sufficiently large n. 
The following lemma immediately follows from Lemma [ 



Lemma 3.17. Let T = Yi'v^v C A^. Then ip-^ is a toric automorphic form in the sense that for all t ^T, 
we have 

In addition, for all t £ Tf = Yl'veh^^' "'^ have 

where u ■ t^'" := ut^J^^ E {Op <E)z 'ZpV ■ 

Decompose c^^ — c^]^Cj^2 such that (c^]^,n^) = 1 and c^2 has the same support with n~. Define a constant 
C"(7r,x)by 

C'(^,X) :=2«(-4('^))+3[^^Ql .N^/Q(c-)-iu;(c-Ja.(n;)-i n-(det^.) 

(3.29) 1 _ _ _ , _ 

Note that C"(7r, x) is actually a p-adic unit as p > 2 and (p, ^n^) ~ 1. We introduce the normalization factor 
N{7r, x) given by 

(3.30) Nin,x)-= n LC^'^EjpJny. 

veB(x) 

We have the following central value formula of the toric integral Px{tt{i^)V"^Px)- 
Theorem 3.18. We have 

P,(7r(0iTVx)' - I^^Ir' ^""^(4^+^^^^/^^ ■ (^, X) ■ L{\,nE ® x) ' C'{^, x)N{n, x)\ 

where Esj,{Tr,x) Coates' p-adic multiplier given by 

EEp{Tr,x)^ n e(i,7r„ (g)x«7,'0t,)i(^,7r„ (g)Xw)"^t^"^x;^^(-2(5). 

Proof. Note that VJ^(p^ is the automorphic form associated to the Whittaker fmiction 

v\p 
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Hence, by Prop. [^TT] we find that 

^ n 771 ^—^^ ■ P{TT{<;y)W^^^,Xv) ■ L{^,^^E<»x)■ 
Combining the local calculations of toric integrals of our Whittaker functions (Prop. 13.31 Prop. 13.51 Prop. [37 
Prop. [3l9l and Prop. ISTTTI) yields the central value formula. □ 

Remark 3.19. Let (^^ be the automorphic form associated to the toric Whittaker function :— W^^oo • 
Oueh ^x,v Then we obtain the following central value formula: 

4. Review of Hilbert modular forms 

In this section, we review some standard facts about Hilbert modular Shimura varieties and Hilbert modular 
forms. The main purpose of this section is to recall the notation in 

4.1. Let V — Fei © Fe2 be a two dimensional F-vector space and (, ) : VxV — > F be the F-bilinear 
alternating pairing defined by (61,62) = 1. Let ^ = OpGi (B'Dp^e2 be the standard O^^-lattice in V, which 

is self-dual with respect to -0(( , ))• For g — ^ ^) ^ ^'h{F), we define an involution g ^ g' '■— (^'^ ^ 

We identify vectors in V with row vectors according to the basis 61, 62, so G{F) = GL2(F) has a natural right 
action on V . If 5 £ G{F), then g' — g~^ detg. Define a left action of G on F by g * a; := a; • gr', a; € V. 

Hereafter, we let K be an open-compact subgroup of G{Af) satisfying p.28p and the following conditions: 

(neat) K is neat and det(ii') n Op_^ C {K n Opf. 

We also fix a prime-to-p positive integer N such that U (N) C K. 

4.2. Kottwitz models. We recall Kottwitz models of Hilbert modular Shimura varieties following the expo- 
sition in |Hid04b) . 

Definition 4.1 (S'-quadruples). Let □ be a finite set of rational primes not dividing N and let U be an 
open-compact subgroup of K° such that U{N) C U. Let Wu — Z(n)[Cjv] with = exp(^). Define 
the fibered category A'j^J^'' over the category SCH/vm^ of schemes over Wu as follows. Let S" be a locally 
noethoerian connected W[/-scheme and let s be a geometric point of S. Objects are abelian varieties with real 
multiplication (AVRM) over S of level [/, i.e. a S-quadruple {A^\^ L^rj^^^)s consisting of the following data: 

(1) ^ is an abelian scheme of dimension d over 5*. 

(2) t:Oj.-^End5A(^zZ(n). 

(3) A is a prime-to-D polarization of A over S and A is the (□) _|_-orbit of A. Namely 

A = C'F,(n).+A := {A' e Hom(A, A^) (g)z Z(n) | A' = A o a, a e C'F,(n).+ } ■ 

(4) = 77(°)[/(°) is a TTi (S", s)-invariant f/^^^-orbit of isomorphisms of OF-modules 7;(°) : ^(8)zA^°' ^ 
V^°\A-) := i/i(A^,Z(°)) (8)z A^°'. Here we define r^^^^g for g e G(A^°^) by r]^°^g{x) = ri^'^\g*x). 

Furthermore, {A, A, L,rj'^^^)s satisfies the following conditions: 

• Let * denote the Rosati involution induced by A on Ends A ® Z(n) . Then t(6)* = i(6), V6 G Of- 

• Let be the Weil pairing induced by A. Lifting the isomorphism 7i/N7i ~ Z/AfZ(l) induced by C,^ 
to an isomorphism C : Z ~ Z(l), we can regard e'^ as an F-alternating form : V^°\A) x V''^\A) 
'Dp^ i8)z Let denote the F-alternating form on y('-'^(A) induced by e^{x,x') = {xrj^x'r]). 
Then 

= u ■ for some u € A^^-*. 
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• As (g)z Og-modules, we have an isomorphism Lie A ~ Op (8)z C's locally under Zariski topology of 
S. 

For two 5-quadruples A = {A, A, L,r]''^^)s and ^ = {A', A', t', ?y''''^'')s, we define morphisms by 

Hom_^(n, (A ^) = e Homo^ {A, A') | 0* V = A, o 1/^^'^ = ry^^' } . 
We say A^A^ (resp. ^ ~ Al_) if there exists a prime-to-D isogeny (resp. isomorphism) in Hom <□) {A, A' ). 

We consider the cases when = and {p}. When □ = is the empty set and U is an open-compact 
subgroup in G(Aj'~'^) = G(A/), we define the functor £u ■ SCH/y^u ^ SETS by 

£u{S) ^ {{Arx,i,v)s e AkIS)} / ^ . 

By the theory of Shimura-Deligne, £u is represented by Shjj which is a quasi-projective scheme over Wu- We 
define the functor £[/ : SCH/Wu SETS by 

euiS)^[iA,X,i,v)&A'^\s)\fj'^°Hj^®zZ)^H,{A^,Z)]/c^. 

By the discussion in |Hid04b[ p. 136], we have <£k £k under the hypothesis (|neat|) . 

When □ = {p} and U = K,we let W^Wk = 'Z(p)[Cn] and define functor : SCH/y^ ^ SETS by 

E'i>{S) = {(AA,.,ry(^'))s e^^L(5)}/^ . 

In |Kot92j ■ Kottwitz shows fj^-* is representable by a quasi-projective scheme Sh^J^ over W if iiT is neat. 
Similarly we define the functor : SCH/w SETS by 

e^PiS) = {(A,A,.,r7(f)) G I 7yW(^®z Z(P)) - i/i(A^,Z(J'))}/ ^ . 

It is shown in |Hid04bl §4.2.1] that ^ S^^K 

Let c be a prime-to-pA^ ideal of Of and let c S (A^^^^)^ such that c = ilF(c). We say (A, A, 6, ry^^-*) is 
c-polarized if A S A such that = ue^, u € cdet(A'). The isomorphism class [{A, A, i, ry*-^-*)] is independent of 
a choice of A in A under the assumption (|neat|) (c/. [Hid04b[ p. 136]). We consider the functor 

e[^]^(S') = {c-polarized S'-quadruple [(A, A, t, ^(p))s] S ^k\S)^ ■ 

Then (£[^]f is represented by a geometrically irreducible scheme S'ft.^'' (c)/>v, and we have 

(4.1) Sh%\^= □ ^/i^^(c)/w, 

[c]eci+(K) 

where CI J (if) is the narrow ray class group of F with level det(i4r). 

(v) 

4.3. Igusa schemes. Let n be a positive integer. Define the functor I)f „ : SCH^yy — > SETS by 

S^4^liS)^{iA,\,L,v'^^\j)s}/-, 
where {A, A, l, ?7^p')s is a S'-quadruple, j is a level ^''-structure, i.e. an Oi?-group scheme morphism: 

and ^ means modulo prime-to-p isogeny. It is known that is relatively representable over ^j^-* (c/. |HLS06[ 
Lemma (2.1.6.4)]) and thus is represented by a scheme Ik,7i- 

Now we consider S'-quintuples {A, A, Tj^P\j)s such that [(A,A,t,r/(P))] € <s[^]f(S). Define the functor 
lj^^^^„(c) : SCHfw ^ ^^^rS by 

S li^,Uc)(^) = {(^, A, i,v^P\j)s as above} / c . 



26 M.-L. HSIEH 

Thenlj^''^(c) is represented by a scheme (c) over Sh^^\c), and (c) can be identified with a geometrically 
irreducible subscheme of lK,n ( |DR80[ Thm. (4.5)]). For n > n' > 0, the natural morphism ■ iK.niS-) 
lK.n'{<^) induced by the inclusion V^"^ ® fi^n' ^ T>p^ ® /ip„ is finite etale . The forgetful morphism vr : 
lK,n{c) -> Sh''^\c) defined by tt : {A,j) t-^ Ais etale for all n > 0. Hence lK,n{c) is smooth over SpecW. We 
write Ik{^) for lim^^ /^^ „(c). 

4.4. Complex uniformization. We describe the complex points Shu{C) for U C G(A/). Put 

X+ = {t = {T^)aes e C-^ I Imr^ > for aU ct e Z"} . 

The action of g = {ga)aes G G{F (X)q R) with = [ ) and det^g. > on X+ is given by r = (T(j) 

^ U„T„+b \ ^ ^ ^j^g of totally positive elements in F and let G(F)+ = {g e G(i^) I det g e F+}. 
Define the complex Hilbert modular Shimura variety by 

M{X+,U) := G{F)+\X+xG{Af)/U. 

It is well known that M{X+,K) ^ Shu{C) by the theory of abelian varieties over C (c/. |Hid04b[ §4.2]). 

For T = (to-)o-gi; G X+, we let Pr be the isomorphism V (E)q R ^ C-^ defined by pr{aei + 662) = ar + & 
with a,b £ F (8)q R = R^. We can associate a AVRM to (t, g) € X+xG(A/) as follows. 



• The complex abelian variety Ag{T) = /pr{g * -Sf). 



-1 



• The i^+-orbit of polarization ( , )^^^ on Ag{T) is given by the R,iemann form ( , )can • — (5 ) ^ Pr 

• The Lc ■ O ^ Endyig(T) (X)z Q is induced from the pull back of the natural F-action on V via pr- 

• The level structure rjg : ^ $Dz -A-y (5 * ^) ®x — Hi{Ag{T), Af) is defined by r]g{v) = g * v. 

Let Ag{T) denote the C-quadruple {Ag{T), ( , tc, Krjg). Then the map [(r, g)] 1— ?> [yig(T)] gives rise to an 

isomorphism M{X+, U) ^ Shu{C). 

For a positive integer the exponential map gives the isomorphism exp(27ri— ) : p^'^'L/'L ~ and thus 
induces a level ^"-structure j{gp): 

9* 

j{9p) : ' <»z Mp. ^ 2?^;'e2 ®z p-"Z/Z ^ (»z p-"Z/Z 4 yig(T)[p"]. 

Put 



^r:=[9ei^l.gp^(j (modp")|. 



We have a non-canonical isomorphism: 

M{X+,K^)^IkAC) 

[(r,5)] ^ [(yi,(r),— _,.c,r?(^\j-(.9p))]- 

Let z_ = {^^o-lCTgi; be the standard complex coordinates of and dz — {dz„} Then Oi?-action on 
dz is given by i,c{o!)*dza — <j{a)dz„, ct G ~ Hom(i^, C). Let z ~ Zid be the coordinate corresponding to 
too : ^ Q ^ C. Then 

(4.2) {Of ®z C)dz = H^{Ag{T), ^A,(r)/c)- 

4.5. Hilbert modular forms. Let k = ^cr'^ ^ Z>i[Z'] such that 

fccrj = ka-2 = ■ ■ ■ = ka-j (mod 2) for all cti, • • • , G Z. 

For T = (T„)„es e X+ and 5 = ((^"" d"))-^^ ^ ®Q "^"^ P""* 

a-es 
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Definition 4.2. Let k,nx = maxg-gi; fc^- Denote by M/j(i^",C) the space of holomorphic Hilbert modular 
forms of weight k and level K^. Each f G Mfc(X", C) is a C-valued function f : X'^ xG{Af) C such that 
the function f(— , g/) : ^ C is holomorphic for each gj G G{Af), and for u E K" and a G G(i^)+, 

{{a{T,gf)u) = (deta)-*'"" ^'"'^'iZ(a, t)'' • HT,9f)- 
Here deta is considered to be the element {a{det a))ceE in (C^)^. 
For every f G Mfc(i^r", C),we have the Fourier expansion 

^GF+U{0} 

For a semi-group L in F, let L+ = H L and L>o = i+ U {0}. If _B is a ring, we denote by BfLj the set of 
all formal series 

^ ai^q'^, ap G B. 

Let a, 6 G {a!J^^)^ and let a = '\iF(fl) and b = ilF(&)- The g-expansion of f at the cusp (a, b) is given by 
(4.3) f|(„,b)(g)= E ^Mf'("o' 

^6(JV-iab)>o ^ ^ 

If i? is a yV-algebra in C, we put 

Mfc(c,ifi":B) = {f G Mfc(i^i",C) I f|(„,t,)(<z) G B[(iV-iab)>ol for aU (a, b) such that ab"! = c} . 



4.5.1. Tate objects. Let be a set of d linearly Q-independent elements in Hom(i^, Q) such that 1{F+) > 
for / G =5^. If L is a lattice in F and n a positive integer, let = {a; G L | l{x) > —n for all / G S^} and 
put B{{L\ ,5^)) ~ lim BfLy^ni- To a pair (a, b) of two prime-to-piV fractional ideals, we can attach the Tate 

AVRM Tatea,biq) — a* ®x Gm/g'' over Z((ob;.5^)) with 0-action team where a* := a^^Vp^. As described in 
|Kat78| . Tatca.biq) has a canonical ab^^-polarization Xcan and also carries a; can a canonical Op <8) Z((ab; o5^))- 
generator of f2Tate„,(, induced by the isomorphism Lie(Taiea,fa((z)/z((ab;j5*))) = a*(g)zLie(Gm) — a*(^Z{{ab;y)). 
Since a is prime to p, the natural inclusion o* ®z fJ-pi ^ a* Grm induces a canonical level ^"-structure 

Vp.can ■ T^p^ (E)z fJ-p'i = Q* ^z fJ-p'i ^ Tatea,b{q)- Let ^o^t, — Jff ■ ^ ^ ^"^^ ^ Then we have a level 

TV-structure r]lSl : iV-iifa,b/^„,b 4 Taiea,b(g)[A^] over Z[CAr]((Af"^ab; =5^)) induced by the fixed primitive 
A''-th root of unity Cat- We write Tate ^ ^, for the Tate Z((ab; ■5^))-quadruple (Tatea,bi<l), ^cam t-caruVcan, '']p,can) 
at (a, b). 

4.5.2. Geometric modular forms. We collect here definitions and basic facts of geometric modular forms. 
The whole theory can be found in |Kat78| and |Hid04b| . Let T be the algebraic torus over W such that 
T{R) = {Of ®2 RY for every W-algebra R. Let k G Hom(T,Gm/w). Let B be a W-algebra. Consider 
[{A,j)] = P,A,i,?7(P),j)] G IkA^){C) (resp. [(Aj)] = [(A, A, i, 77(f), j)] G /if.„(C)) for a B-algebra C with a 
differential form u) generating H'^{A, ^a/c) over Op 'S)z C. A geometric modular form / over B of weight k 
on /if,„(c) (resp. /_ff,„) is a functorial rule of assigning a value f{A,j^(jj) G C satisfying the following axioms. 

(Gl) /(Aj,'^) = /U',/,'^') e C if (A J, a;) over C, 

(G2) For a i?-algebra homomorphism cp : C ^ G' , we have 

/((Aj,'^) ®c c") = ^(/(Aj-,'^)), 

(G3) f{{A,j,au:) = fc(a-i)/(Ai,'^) for all a G T(C) = (Of ®z C)^ 

(G4) f (Tate a ^b'^ can) G S|(iV~iab)>o] at all cusps (a, b) in /k,„(c) (resp. /^^n). 

For each k G Z[Z'], we regard k G Hom(T, G„i/w) as the character x 1— >■ a;'"', x G (Of (^z W)^. We denote by 
Aik{(^, Ki , B) (resp. A4k{Ki , B)) the space of geometric modular forms over B of weight k on /_ft:,„(c) (resp. 
/a:^„). For / G Mk{Ki,B), we write f\, G Xfe(c,ii:f,B) for the restriction /|/^_„(c). 
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For each / e Aik{K'i, C), we regard / as a holomorphic Hilbert modular form of weight k and level K" by 

where dz is the differential form in (|4.2I) . By GAGA this gives rise to an isomorphism 7Mfe(if",C) ^ 
Mk{K-^, C) and 7Wfc(c, i^i", C) ^ Mfe(c, isT^', C). Moreover, as discussed in |Kat781 §1.7], we have the following 
important identity which bridges holomorphic modular forms and geometric modular forms 

f|(a,b)(9) = f(2ate(„^,),a;ea„) G CI(iV-iab)>oI. 
By the g-expansion principle, if B is W-algebra in C and f e M/j(c, -ft'", i?) = A^fe(c, ivT", C), then f|c € 

4.5.3. p-adic modular forms. Let i? be a p-adic W-algebra in Cp. Let V{c,K,B) be the space of Katz 
p-adic modular forms over B defined by 

V{c,K,B) := ^lm^ii/0(/K,„(c)/s/p..B,O/,,,J. 

m n 

In other words, Katz p-adic modular forms consist of formal functions on the Igusa tower. 

Let C be a S/p^B-algebra. For each C-point [{A,j)] ^ [{A, X, L,r]^P\j] e Ik{c){C) = lim^ /k^„(c)(C), the 
p°°-level structure j induces an isomorphism : "Dp^ (g)z C ~ Lie A which in turn gives rise to a generator 
of H'^{A, Ha) as a Of ®x C-module. Then we have a natural injection 

Mu{t,K^,B)^V{c,K, B) 

(4.4) 

which preserves the q-expansions in the sense that f\(a,b){^) fiXM^ab) ~ /l(a. &)(?)• We call / the 
p-adic avatar of /. 

4.6. CM points. Recall that we have fixed -d ^ E m ^3.41 satisfying (dl-3) and the associated embedding 
L : E ^ Al2{F) in p.ip . Let q§ : E V — Fei ® Fe2 be the isomorphism given by q^{ad + b) = aei + be2- 
Then 

q^{xa) = q§{x)L{a) for all x,a £ E, 

and q^^ : V ®q R ^ E ®q R ~ is the period map associated to the point -ds :— {(T{'d))aes G A'+. 

Let — Y[y <iv G G{A) where t^y e Gy for each place v is defined in (13. 3p . Let <rj e G{Af) be the finite part 
of According to our choices of (^y, we have 

<r/ * (»z Z) = (g)z Z) • <r;. = 9^,(0^ ®z Z). 

Define a; : A+xG(A/) by 

a ^ (aoo,a/) ^ x{a) i(a/)^/). 

Let a e (A^J^)>< and let 

iA{a),j{a))/c = {A,(a)^^{'ds),{i )can,l-can,V^^\a),j{a)) 

be the C-quintuple associated to x{a) as in ^4.41 The alternating pairing (, ) : ExE :— > F defined by 
{x,y) = {xy — xy)/{d — ■&) induces an isomorphism Oe /\Of = c{C_e)~^2-'^^ for the fractional ideal 
c{Oe) = Vp^iid - 'd)Vp^^p). The hypothesis (d2) on ■& implies that 

c{Oe) is prime to pc^xiDe/f- 

Note that c{Oe) descends to a fractional ideal of Op and that c{Oe) is the polarization of = (^4(1), j(l)). 
In addition, x{a) = {A(a), j{a)) is an abelian variety with CM by Oe with the polarization ideal of x(a) 
given by 

c(a) c(OB)N(a)-i (a = ilB(a)). 
It thus gives rise to a complex point [x{a)] in /x(c(a))(C). Let Wp be the p-adic completion of the maximal 
unramified extension of Zp in Cp. The general theory of CM abelian varieties shows that [a; (a)] indeed descends 
to a point in //f (c(a))(>Vp) ^ IxiyVp), which is still denoted by x(a). The collection {[x{a)]} ,j^(pn) C 

//^(yVp) are called CM points in Hilbert modular Shimura varieties. 
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5. ANTICYCLOTOMIC p-ADIC RANKIN-SeLBERG L-FUNCTIONS 

5.1. Toric forms. 

Definition 5.1 (The toric form). We define tlie complex Hilbert modular form : X^xG{Af) — > C 
associated to ip^ by 

fx(^:5/) =<^x (.9) ■ii.(.9oo,i)'' (dot goo |det 

(5-1) 

(i = {V-l)aes, g = (5oo,g/), ffooi = t, detg^o > 0). 

Here det g^o — (det ga)aeE G (R^)*^ and det g^o > means det ^o- > for all a ^ S. 
Let f * be the normalization of given by 

f^=N{n,x)-'\det,f\],;-/'-f^. 

Let (5™ be the Shimura-Maass differential operator (c/. |HT93[ (1.21)]). Then the normalized differential 
operator VJ^ defined in p. 71) is the representation theoretic avatar of (5™ in the following sense: 



5rfx(T,5/) = (nVx)(5oo,5/U(ffoo,«)'=+'"(det5o,)i-^^^-'" \detg 
{cf. |Hsil2b[ §4.5]). We call (5™f* the normalized toric form of character x- 

Similarly, for each u E {Op ®x Zp)^, we let f * „ be the normalized modular form associated to the u- 
component fx,-^ i'^f- ^x-" (|3.25p V It is clear from (|3.27p that 

(5-2) = E fx,«- 

uGUp 

Let if" be the open-compact subgroup defined in p.28p . Then f* and {^x-a^ueu ^^lo'^g Mfe(iir",C) for 
sufficiently large n. 

Forae (Ag^)Xx(OB®Zp)^ we consider the Hecke action | [a] given by 

\[a] : Mfc(c(a),Xi",C) ^ Mk{c,aK^,C) {aK^^ := L,{a)Klh,{a-^)), 
f^f\[a]{T,gf) :=f(T,5/t,(a)). 

The Hecke action \ [a] can be extended to the spaces of p-integral modular forms {cf. |Hsil2a[ §2.6]). It follows 
from Lemma 13.171 immediately that 

(5.3) f*,JH = • f^n.a-e for all a G Tj {u.a'-^ ^^^."jj])- 

5.2. The toric period integral. Next we consider the toric period integral of f*. Let Ue — [E ®q 

'RYy.{OE ®z Z)^ be a subgroup of and let CI- = E"" A^'XA^/Ue- Let 7^ be the subgroup of A^ 
generated by E^ for all ramified places v and let Cl'^^ be the subgroup of CI- generated by the image of TZ 
By Lemma [3 . 1 71 and the fact that T = A^C/^T?., we have 

(5.4) P^(7r(0V7^J=vol(C/£,dt)tt(CTl's). E V^^xi^mxit). 

[t]eci-/ci!'*= 

Let 2?! be a set of representatives of Cl-/Cl^^ in (A^^-*)^. We define the x-isotypic toric period by 

PxiSTf^)--- E '5rfx(^(«))xMA>^'^'(«). 

aeVi 

Proposition 5.2. Let De/f be the discriminant of E/F. We have 

PxiSk^x) =Pe-Of] ■ (j^^)fc+2m(4^)2m+fc+i ■L{-,7rE<S)x)-EsM^x)-C{TT,x), 

where 

ci.,x) - c'i.,x) • 4-[-^i |N./p(i^./.)|i [^^J^ Kr 



|femx/2-l 
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Proof. By definition, we have 

fx(a;(a)) = ^x(.(a/)0(Ini^)-^/2 • \N{a) det.ff-^'"' ■ 

By we find tliat 

From the well-known formula 



we see that 

vo\{UE,dt) =vol(i;^A^\A^,dt) -(KCT^)-^ 



The proposition follows form Theorem 13.181 immediately. Note that the ratio ^j''!^L}']'^ is a power of 2, so the 
constant C'{7t,x) is a p-adic unit. □ 

5.3. The Fourier expansion of f* „. Let u = (u^) G Up. We give an expression of the Fourier expansion of 
f* „. Let W^,uj be the finite part of W^^u- By the definition of ix,u, we have 



k/2 



(5-5) _ w ..^/^ 



The second equality follows from the choice of Whittaker functions at the archimedean places p.6p . 



We define the global prime-to-p Fourier coefficient a^''-' : (A^f-')'* — > C by 



(5-6) = n „.^(i,',,,, »'»((°- l)' n »'..((°' 1 

= n ^*x,vM- 

Here a* ^ are the local Fourier coefficients defined in Def. 13.121 

Proposition 5.3. Let c be a prime-to-p ideal of F and let c G (A^ j)^ such that ilF(c) — C- Then the Fourier 
expansion o/f* „ at the cusp {Of,c) is given by 

where 

In particular, „ G Mfe(A'", 0) by Prov. [XTSl and f/ie Fourier expansion off* at the cusp {Op, c) is given by 

fxl(Oi.,c)('7) E a/3(f*,c)/, 

,3e(A'-ic) + 
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where 



_ -p.(p) 



Proof. It follows from the definitfon of W^," ^^^^ 



The proposition follows from (15. 5p immediately. The Fourier expansion of f* follows from (|5.2p . □ 

5.4. p-adic L-functions. We go back to the setting in the introduction. Let E^oa be the maximal anticyclo- 
tomic zjf ■'^'-extension of E and let — Gal(i?~oc /i?). The reciprocity law rec^ at Up induces a morphism 

rec^,: (^®qQp)" ^ H ^» T". 

Let Xp'''' be the set of critical specializations, consisting of p-adic characters </> : — > such that for some 
m e Z>o[£'] ~ Z>o[i7p], 

0(rec^ (x)) = X™ for all x E {Op <Xi Zp)^ sufficiently close to 1. 

Let (j) be an anticyclotomic Hecke character of p-power conductor and of infinity type (m, —to) with to € 
Z>o[i3']. Then is unramified outside p and (/)|ax = 1- The p-adic avatar cj) of (p belongs to X^"*. To be 
precise, let (j>jj := YiweJJ Then we have 

(5.7) 0(rec^^(a;)) = (t>^^{x)x^"^ for every x e (F i^q Qp)^. 

Hereafter, we let A be a Hecke character oi E^ and assume that Hypothesis and ([sj hold for (tt, A). Note that 
Hypothesis lAl and (jsf)) also hold for (tt, A0). We will apply our calculations in ^to the pair (7r,x) = (tt, A(/)). 

Lemma 5.4. Let (j) be as above. Then 

(2) C'in,X^)^C'{7r,X)<j,{^). 
Proof. If u -fp is split, we have remarked that ^-i ^ = W^^^y. If v is inert or ramified, then (py — 1 a,s 

(j)y is unramified and p > 2. Therefore, we have W^J j: = W^j. Part (1) follows from the definition of a^^^ 
()5.6p immediately. Next, recall that we have defined C"(7r,x) for a Hecke character x in p.29p . Since <j> is 
anticyclotomic and unramified outside p, part (2) follows from the well-known fact that 

Let Op :— Of ®z Zp and let F' := rcc^ (1 -\- pOp) be an open subgroup of F^. Let {^(o')}^^^ be the 
Dwork-Katz p-adic difi'erential operators ([Kat?! Cor. (2.6.25)]) and let 6*™ H^gi: 0(cr)™''. 

Proposition 5.5. There exists a unique V{c, K, Tip) -valued p-adic measure S'a.c on F^ such that 

(i) 3^A,c supported in V , 

(ii) for every (j) £ X"'' of weight (to, —to), u;e have 



X4>,c- 



Proof. We denote by IfA,c(<z) the p-adic measure with values in the space of formal g-expansions such that 
for every ip £ C(F^, Zp), 



/ ipd3^x,M= E a^(fi:,c)^(rec5^(r'))/. 



t3e(N-^c)+ 
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Note that a^(fj, c) = unless /3 e ^^nd that ^F^.c has support in F' by definition. 

Let (j) be the p-adic avatar of a Hecke character <j) of infinity type (to, ~m). By |Kat781 (2.6.27)] (c/. |HT931 
§1.7 p. 205]), the g-expansion of 6"^fx^ is given by 

O-'fUko.Ml) - E a,(fi:^,c)<A2;^(/3-i)/3™g^. 

/3G(W-ic) + 

Therefore, by Lemma [5.41 and (|5.7p we find that 



(5.8) j^j,dJx,M^o^"tUA<i)- 

By the g-expansion principle, this measure descends to the p-adic measure 5'a,c with values in the space of 
p-adic modular forms ^(c, K, Zp). □ 

Let VsiT^, A) be the p-adic measure on F" such that for each (p £ C(F~, Zp), 

(5.9) / ^d7'^(^,A)= ^ A(a) / ^|HdJ;,,,(„)(x(a)) (x = X ■ \-\'-^'-^'). 

Here (^|[a](a;) :— (/?(xrec^- y^(a)). Let (i7oo,i^p) G (C^)^x(Zp )-^ be the complex and p-adic CM periods of 
{E, S) introduced in |HT9°3i (4.4 a,b) p.211] (c/. {fl, c) in |Kat78[ (5.1.46), (5.1.48)]) and let Qe = (27ri)-irJoo. 
We have the following evaluation formula of Vx:{t^, A). 

Theorem 5.6. Suppose that Hypothesis VA\ and ([sj) hold. Then for each p-adic character (p G X"'' of weight 
{m,—m), we have the evaluation formula 

1 f 2^T, I ^^^^ r/ox /oXi2 r^;(fc + m)Fi;(TO + 1) 



0d7's(7r,A)) 

i(i,7r£;(g) A(/)) 



^fe+2m 7p_^ '^^ ' 7 L B • FJ (jjj^^)/c+2m(4^)fe+2m+l 



X £^i:.(->A0) • ^^;(;^,^) ^ • 0(;?)c(7r,A). 



Proof. From |Kat78[ (2.4.6), (2.6.8), (2.6.33)] we can deduce that 

-^0™f;,(x(a)) = 1 5-f;,(a:(a)). 



^ a u pi 



Therefore, we have 
11 



^ . / idV^{.. A) = ^ A(a)0(a) • ^r'f*,(x(a)) 



^ ^ A0(a)<5rfA%(a:(a)) = • Px^iST^U). 



Combined with Prop. [F?2]and Lemma f2). the above equation yields the proposition. □ 

6. The ^-invariant of p-ADic L-functions 
In this section, we use the explicit computation of Fourier coefficients of f „ [• to study the ^-invariant 
of the p-adic measure VsiT^, A) by the approach of Hida [Hid 10b) . 

6.1. The i-expansion of p-adic modular forms. We begin with a brief review of the ^-expansion of 
p-adic modular forms. A functorial point in Ik{^) can be written as [(A, j)] = [(^, A, t, ry*-^-*, j)]. Enlarging 
Wp if necessary, we let Wp be the p-adic ring generated by the values of A on finite ideles over the Witt ring 
W{¥p). Let myVp be the maximal ideal of Wp and fix an isomorphism Wp/mw^ ^ Fp. Let T := Op tJ'p<x> 
and let T = lim T/yVp/m^ = C'f '^m- Let {^i • • • , ^d} be a basis of over Z and let t be the character 
1 e Of = X*{0*p (g)z Gm) = Hom(C'J, ®z G„, G„). Then we have Of ^ WpP^^ - 1, • • • t?'' - Ij. For 
y — (AyiVy) G ^if(c)(IF'p) C Ik{^p), it is well known that the deformation space Sy of y is isomorphic to the 
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formal torus T by the theory of Serre-Tate coordinate ( [Kat81| ). The p°°-level structure jy of Ay induces a 
canonical isomorphism ipy-. Tjy^ ^ Sy = Spf ©/^(c)^^ (c/. [HidlObl (3.15)]). 

Now let X :— x{l) /^Vp G ^i<'(c)(Wp) be a fixed CM point of type {E, S) and let xq — x — {Ao^jo)- 

For a deformation z = {A,j) j-^ of a;o over an artinian local ring 7?. with the maximal ideal ttitj and the residue 
field Fp, we let t{A^j) '■— t{(p^i^ {{A, j) /n)) G 1 +m7j. Then x is the canonical lifting of xq, i.e. t{x) = 1. For 
/ e y(c, K, Wp), we define 

fit) <(/) e Of = ^plTi, ■■■Tdi (T, = - 1). 

The formal power series f{t) is called the t-expansion around xq of /. For each u G Op , let uz :— (A, uj) is a 
deformation of uxq. Then we have t{uz) = t(z)" and hence (y3*j,„(/)(i) = "i^*,, (/)(*") = /(^")- 

6.2. The vanishing of the /i-invariant. Let 7r_ : (A^^'')^ — > be the natural map induced by the 
reciprocity law. Let Z' = 7rZ^(F') be a subgroup of (A^^')^ and let Cl'_ D Cl^^ be the image of Z' in CL. 
Let V[ (resp. V'{) be a set of representative of Cl'_/Ctl^ (resp. Cl-/Cl'_) in (A^J^. Let Vi P^P'/ 
be a set of representative of Cl^/Cl^l^. Recall that Up is the torsion subgroup of O^. Let U be the torsion 
subgroup of and let = i^E^y-"'^ n be a subgroup of Z^. We regard U^^^ as a subgroup of Op by 
the imbedding induced by Ep. Let 2?o be a set of representatives oiUp/U^^^ in 

Fix c :— c{Oe) to be the polarization ideal of the CM point x{l). The following theorem reduces the 
calculation of the /i-invariant ^ ^ to the determination of the g-expansion of ^ . 

Theorem 6.1. Suppose that p is unramified in F. Then 

Proof. For every pair (u,a) £ UpXVi, we let f*_^ := f^ „|c(a) € A^fc(c(a), JT, 0). Let 3^u,a be the 
p-adic avatar of f*^. Fix a sufficient large finite extension L over Qp so that x and f^^lM ^.re defined 
over Ol for all (it, a), and hence S'u.al [a] S F(c, Ol)- For each z e Z', let (z) be the unique element in 1 +pOp 
such that rec^ ((z)) = 7r_(z) G F". For (a, 6) e 2?ix2?", we define 

Ja(t) - ^ :F„^<,(r"), 

tiGt/p 

Let P|;(7r, A) be the p-adic measure on 1 + pOp ~ F' obtained by the restriction of 7'^(7r, A) to 7r_(&)F'. In 
other words, 

= ^(«) / v\[ah-^Wx,.(aMa)). 

aebV[ •'^ 

Here the second equality follows from the fact that ?a,c(o) bas support in F' (Prop. 15.51 (i)). The argument 
of [Hsil2a[ Prop. 5.2] shows that J'^it) is the power series expansion of the measure 'P'^{tt,X) regarded as a 
p-adic measure on Op and that 

:= mi {re Q>o | P^'S^'' ^ (mod mp)} . 

By we find that 

ueVo 
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and hence 

(ti,a)ePox6I5^ 

Proceeding along the same lines in [H sil2a l Thm. 5.5], we can deduce the theorem from the above equation by 
the linear independence of p-adic modular forms modulo p acted by the automorphisms in Vq^V^ ( ^HidlObi 
Thm. 3.20, Cor. 3.21]) and the q-expansion principle for p-adic modular forms. □ 

Theorem 6.2. In addition to Hypothesis HI and (jsf)) . we suppose that p is unramified in F and 

(ai^;) the residual Galois representation '^^{■ke) '■= Pp(7I')|ge {mod mp) is absolutely irreducible. 

Then fi^ x s ^ ^ '^'^^ ott./?/ if 

where pLp{^TT,\.v) are the local invariants defined as in (|3.23p . 

Proof. It is not difficult to deduce from the formula of a^(fjj c(a)) in Prop. [5731 and Prop. l3J5l that 
IJ-pi^T! ,x,v) > for some v\c^ a^(f^ „, c(a)) = (mod m) for all a e , 

and hence fi~ ^ ^ > by Theorem 16.11 

Conversely, we suppose that /ip(!f'7r.A,u) — for all w|c^. We are going to show fJ.^ ^ = by contradiction. 
Assume that fJ-^ x s ^ ^- Prop. 15.31 Theorem 16. ll for each a G A^^^ we find that 

a^(fj^ ^, c(a)) = (mod m) for all u eUp and /3 e F+ 
^ sS^\(3c-'^N{a-'^)) = (mod m) for all f3 G O^ ^p^. 
Therefore, as a function on ( A^^-* ) ^ , we have 

a^^-* (a) = (mod m) for all 
^^■^^ a e 0^ (^)C-Mct(C/(7V))N((Aj^V) = F>^ c-'N{{A^^^jr). 

By Prop. 13.151 there exists r] = (ry^,) e Y\y\^- Fy such that sl\ .^X1v) ^ (mod tn) for each w|c^. We extend 77 
to be the idele in A^ such that 7y„ = 1 at w | c^. Therefore, (|6.ip together with the factorization formula of 
(p 



(|5.6p imply that for each uniformizer vj^ at w | pr, we have 



(6.2) 



a^''^ {r]Wy) = (mod m) <^=» W°{ [ ) ) = (mod m) whenever 



On the other hand, by p.2p . we find that 

Trpp(7r)(Frob„) = w(n7,)-i \w,\-''-/^ W°{(^''' ^) for v ] pn. 

Let TecE/F '■ A^ Ga\{E/F) be the surjection induced by the reciprocity law. Combined with (|6.2p . the 
above equation yields that 

Tr pp(7r)(Frobt,) = (mod m) whenever 

Frob^lfi = recE/Fi'^^v) = T^ecE/Fiv^^c^^)- 

This in particular implies that rec£;/^(77^^c^^) must be the complex conjugation c, and hence we arrive at a 
contradiction to (|aigD by the following Lemma 16.31 □ 



Lemma 6.3. Let p > 2 be a prime. Let G be a finite group and H <Z G be a index two subgroup. Let 
p : G ^ GL2(Fp) be a faithful irreducible representation of G. Let T = Tr p : G ^> Fp be the trace function. 
Assume that 

(1) There exists an order two element c Cz G — H, 
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(2) T{hc) = for all he H. 
Then p\h is reducible. 

Proof. The assumption (2) implies that T(c) = 0, and hence det p{c) — —1. We may assume that p{c) 
' Suppose that p \ tt(G'). By the usual representation theory of finite groups, we have 



f 



f = (T,T) := ^ E T(5)T(ff-i) = ^ ^ nh)T{h-') = ^ • (T|^,T|^). 

Since (T|fl-,T|/f) = 2, we conclude that p\h is not irreducible. 

Now we assume that p \ For each b E A/2(Fp) with b^ — 0, define the p-subgroup Pi, of p{H) by 

= {ft, e p[H) \ h ^ 1 + xb ioT some x G Fp} . 

Let ft g iJ be an element of p-power order. It is well known that {p{h) — f )^ = 0, and hence T(ft) = 2 and 
det p{h) = 1. Combined with T(ftc) — 0, these equations imply that 

p{h) e Pb, or Pb, with bi = (^}^ }^ ' ^2 = (^} 1 1 

Note that either P^^ or Pi,^ is trivial. Indeed, if fti 7^ I G Pb^ and /i2 7^ 1 G -P62- Then ftift2 G i? and 
Tr(ftift2c) 7^ 0, which is a contradiction. In particular, we conclude that elements of p-power order in H are 
commutative to each other and that there is only one p-Sylow subgroup of _ff , which we denote by P. It is 
clear that H normalizes P. Since P 7^ {1}, there is a unique line fixed by p{P). which is an invariant subspace 
of p{H). We find that p\h is reducible if p \ tJ(iJ). □ 

Remark 6.4. The assumption (3) in Theorem IB] in the introduction implies the vanishing of Pp{^TT.x,v) for 
all u|c7. 



7. Non-vanishing of central i- values with anticyclotomic twists 

In this section, we consider the problem of non-vanishing of L- values modulo p with anticyclotomic twists. 
Let £ 7^ p be a rational prime and let [ be a prime of F above Let := Gd\{E^^/E) be the Galois 
group of the maximal anticyclotomic pro-£ extension E^^ in the ray class field of E of conductor [°°. Let 
Xj' be the set consisting of finite order characters (j) : Fj" — >■ /i^=o . Fix a Hecke character x of infinity type 
(fc/2 + m, — fc/2 — m). For each if) : Fj" — >■ p(oo in X", we put 

ralg/i ^ ,x _r.oX /OX12 r^Mri:(fc + m) TTg (g) x^) 

^ 1.2'^ ^ ^ ■ (Jin,9)fc+2m(-4^)fc+2m+1.2; ■ ^2(fc+2m) ' 

For simplicity, we assume 

{pl,nDE/F) = 1- 

In particular, tt is unramified at [ and every place above p. It can be shown that L^^^{^,tte <8) X(f>) G Z(p) at 
least when p\ De- This section is devoted to proving the following result: 

Theorem 7.1. With the same assumptions in Theorem \6.'A we further assume that 

(1) {p\,nc^DE,F)^l- 

(2) Mp(!Z'^,x,«) = for all wjc". 

Then for almost all (j) E we have 

L''^^{\:T^E®x4>) ^0{mod m). 

Here almost all means "except for finitely many (/) G " if dimq^ F[ — 1 and "for (j) in a Zariski dense subset 
ofX° " i/dimq, F^ > 1 {See |Hid04al p. 737]). 

When F = Q, a non-primitive version of the above result under different assumptions is treated in |Brallb| . 
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7.1. After introducing some notation, we outline the approach of Hida ^Hid04a| to study this problem. We 
shall take r = Cy,nDE/F^ to be the fixed ideal in ij3.4l For every n G Z>o, let Ri^ := Op + POb be the order in 
E of conductor 1". Let Ui^ = {E ®q 'RY {Rn <E)z Z)^ and let Cl^;. E"" A'^\A^/Ui^ be the anticyclotomic 
ideal class group of conductor Denote by [•]„ : Cl^„ the quotient map. Let CZj^ — \^m^Cl'^„. Let 

/( be the [-adic Iwahori subgroup of given by 



Let i^ToC) '■= K^I[ = {g E K \ gi E Ii} he an open-compact subgroup of GL2(A/). Recall that the {/[-operator 
on Mfc(iCo(l), C) is given by 

uGOf/IOf 

We briefly outline the approach of Hida to prove Theorem 1 7. II as follows: 

(1) Construct a suitable p-adic modular form which is an eigenfunction of [/[-operator with p-adic unit 
eigenvalue. 

(2) Consider Hida's measure ip't^ on C/|„ attached to ft (j7.ip and show the evaluation formula of this 
measure is related to central values L^^^{^, tte ® x4>) (Prop. [775]) . 

(3) The Zariski density of CM points in Hilbert modular varieties modulo p reduces the proof of Theo- 
rem [7T] to the non- vanishing of certain Fourier coefhcients of at some cusp ( jHid04al Thm. 3.2 and 
Thm.3.3]). 

We remind the reader that the proof is very close to Theorem 15.61 and Theorem l6.2l The essential new inputs 
in this section are the choice of U [-eigenforms and the computation of local period integral at [. 

(n) — 

7.2. CM points of conductor Let n e Z>o. We choose i;, e G[ as follows. If [ = ££ splits in E, 

writing — "d^^s + ^^^i = ^£ ~ ^£ is a- generator of 'Dp,), we put 

If I is inert, then we put 



_(„) _(^si -l\ (nJ'i 
1 



in)_f 1 



^1 = 



-1 



Let := J"-* Yl^^i <^v According to this choice of (;^"\ we have 

4"^*(^®zZ) = <74i?[„). 

Define x„ : A^ ^ X+xG{Af) by 

x„{a) := (i5i;,a/<jj"^). 

This collection {x„(a)}^g^x of points is called CM points of conductor [". As discussed in ^4.6[ {xn{a))} ^^fj^^ip) \> 
descend to CM points in /_fs-(yVj,). 

7.3. The measures associated to [/[-eigenforms. We construct the [/[-eigenform ft as follows. Write 
7r[ — 7r(/i[,z^[). Define the local Whittaker function W} € W(7r[, V'l) by 

W}{g)^W^{g)-ti,\-\Hm^{g 

It is not difficult to verify that 
• is invariant by /[, 



w} is an [/[-eigenfunction with the eigenvalue vi{tih) \ vji 
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Define the normalized global Whittaker function by 

Wl:^N{7:,x)-'\det,f\]^^'-^'-Y[W,^- J] W^.v , 

where N{tt,x) is the normalization factor in (|3.30p . Let (ft^ be the automorphic form associated to as in 
(|3.26[) and let fj be the associated Hilbert modular form as in Def. 15.11 

The following lemma follows from the choices of our Whittaker function and the construction of . 

Lemma 7.2. Recall that TZ is the group generated by for all ramified places v in A^. We have 

(1) is toric of character x outside I, and 

fl{xn{ta)) = 4(x„(0)x"'MlT^'^'(a) for all a e TZ ■ 0z Z)\ 

(2) ft^^ft V every cj)eX°. 

Proof. Part (1) follows immediately from the fact that is a toric Whittaker function outside I in view 
of Lemma 13.21 In addition, for every (/) e is anticyclotomic and unramified outside [. We thus have 
= W^^, which verifies part (2) (c/. Lemma [?^ . □ 

Following |Hid04a| (3.9)], we define a p-adic Zp-valued measure ip't^ on Cl^oa attached to the p-adic avatar 
fj of ft as follows. For a locally constant function (p : Cl^^a — > Zp factors through Cl^, we define 



(7.1) _ <t>d^{=a-'^ J2 ^"f^(^n(a))x(a)0(Wn), 



where ai = i^i(n7() |ci7(| ^ and x is the p-adic avatar of xl ' Iae'^'""'^'^- checks that the right hand side 
does not depend on the choice of n since is an J7[-eigenform with the eigenvalue ai. 

Let e be a character of conductor We view as a character on Cl^ by the reciprocity law. 
Following the arguments in Prop. [??^ and Theorem l5.61 we can write the measure as a toric period integral of 

Tfe^ ■ / _ <^d^i - -r-oKU.^dt)-^ ■ P,,(.(,("))V74) 



1 rv~ 



Here we used the fact that 



Yo\{Ui^,dt) = yo\{UE,dt) ■ L{l,TE,,Fd ■ 
We have the following evaluation formula. 

Proposition 7.3. Suppose that ([, c^viDe/f) = 1- For G of conductor (" with n> 1, we have 



^'^'flc = • L'^'^io^^E ® X<f>) ■ Cin, x)0(?). 

Proof. In view of ()7.2p . it remains to compute -P)c0(''''('^''"'')^+''v'x,/))^j which can be written as a product 
of local toric period integrals as in the proof of Theorem l3.18l We have computed these local period integrals 
in H3.7I and ij3.8l except for the local integral at [, which will be carried out in the following Lemma 17.41 The 
desired formula is obtained by combining these calculations. □ 

Lemma 7.4. Suppose that xi is unramified and ip G X'^ has conductor I", n > 1. Then 

P{7r{,l^^)Wl,xcb) = \VE,\i-uj,{w]:)\nj]:\L{l,TE,/Ff. 
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Proof. Write F ~ Fi (rcsp. E = Ei) and n7 = t<7[. For t e E, we put 

4«)(i) :=(,("))-i.(tK("). 
First we suppose [ is split. A direct computation shows that 



1 / V %y vo 1 



^ -^^i ~ln7"'^F -1 



We find that 

c.-i(det^("))P(7r(4"V/,X'^) 



Of "'Of 
o^ JOf 

This proves the formula in the split case. 

Now we suppose that I is inert. We shall retain the notation in ^3.8^ Define mt : Gi — ^ C by 

mt(.g) ■.= h,{7T{g)wl,Wl). 

Then mt(g) only depends on the double coset /[.g/i. Put 

J /FX 



It is clear that 

An) 

(7.3) PWcr^)W-/,X0)=P 



CF(lj 



For y G tn'^O]^, it is easy to verify that i^"'' (1 + yO) £ I[ \i r > n and 
If a; e TuOi?, then 

4")(x + 0)e/,w('^" \h. 



Note that n = c\{4>) = ci(x</>) as in p.ip . Combined with the above observations and Lemma [3.71 a direct 
computation shows that 



P* =X„.mt(l) + (-X„).mt(w(^'^ ^_^] 



■l-|^J7| 1 - /i("Vi|-|(n7) m{w)-yi{w) 
^ L(l,r^/^)|n7"||I?ij||. 



The formula in the inert case follows from (|7.3p immediately. □ 
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7.4. Proof of Theorem 17. 11 We prove Theorem 1 7. II in this subsection. By the evaluation formula Prop. [731 
it boils down to proving that 

(7.4) / 4>dip\ ^ (mod m) for almost aU G X°. 

By |Hid04a|, Thm. 3.2, 3.3] together with the toric property of f^ Lemma [721 (c/. |Hsil2b| Lemma 6.1 and 
Remark 6.2]), the validity of (|7.4p is reduced to verifying the following condition: 

(H') For every u G and a positive integer r, there exist (3 e ^p(^p) and a G (A^^')^ such that 
(3 = u (mod r) and 

a^(ft,c(a)) ^O(mod m). 

The verification of (H') under the assumptions \&\e\i and iJLp{^TT,x,v) = for all v\c~ follows from the same 
argument in Theorem 16.21 Note that for a polarization ideal c(a) (c — z{Oe), a e (A^'j)^) and a totally 
positive 13 € ^f{p) ^^Fi^ have (c(a),p() = 1 and 

a^(ft,c(a)) =/3^-/2-Qa* j^c-iN(a-i)).z.i|4.(/3) iM^) ^ c). 

Let u E Opi and let 77" = (77") be the idele in A^ such that ^(?7") ^ (mod m) for all f |c^, 77" — u and 
77" — 1 for all V \ [c^. To verify (H'), we simply proceed the Galois argument in Theorem 16. 2[ replacing rj in 
by 77" therein. This completes the proof of Theorem 17. II 
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